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PREFACE. 



This vohune ocmtainf tlie Higher Branches of Synthetical Geometry* 
It consists of Treatises on Solid Geometry, Spherical Geometry, Sphe- 
rical Trigonometry, the Projections of the Sphere, Perpendicular Pro- 
jection, Linear Perspective, and Conic Sections. 

The first three TreaUses are those contained in Play&ir^s Edition of 
EucUd^B Elements, with some alterations. Sevoral useful DefinitionS| 
Scholia, Corollarifls, and Propositions, have heen added. Instead of the 
iSrst four pr(^>osiiions on Spherical Geometry, other four, firom the ex* 
cellent System of Mathematics by West, have been substituted, as they 
contain a more fall exposition of principles. From the same woric 
another important proposition, the eighteenth, has been added. The 
Spherical Trigonometry has been improTcd by inserting the twelfth 
and thirteenth, for other propositions which are somewhat intricate^ 
These two tan also taken from West's system, but the expressions in 
the demonstrations are considerably altered. The propositions which 
these have displaced, rather inijnre the symmetry of the system, as they 
require the aid of Analytical Trigonometry. A seccmd demonstjatioQ 
has been given of the fifth proposition of the second book of Solid 
Greometry, depending on the principle established in the twenty-seventh 
proposition of the additional fifth book of the former volume. 

The two Treatises on the Projections of the Sphere are also adopted 
firom We8t*s system, except the problems on the Stereographio Projeo- 
tion« which, with the Treatises on Perpendicular Projection and Pei^ 
spective, have been conq>osed expressly for this woi^. 

The Treatise on. Conic Sections is taken from the same work ; and as 
the Corollaries are nnm^ous, and most of them important, but unde- 
monstrated in the above work, except a few, demonstratiims have been 
added to those that required them, in ordw to remove unnecessary 
obstacles to the progress of the student, who will find a sufiicient field 
ior exercise in the undemonatrated theorems and problems annexed for 
this purpose to this Treatise. 

The Treatises on Projections have, been added on account of their 
utility in some branches of practical science and of art ; the Projections 
of the Sphere being necessary in Spherical Trigonometry, and in Nautical 
and PKMTtical Astronomy ; and Perpendicular Projection &nji?<^T«s^^ic^vi^ 
being indispensable in constructing the dla^^casna m <aifca«a3etar^ ^1 *05ss««k 
dimensioDa, and figurea of objects in\atioMa\>x%5i"cVi^ ^^ ^^ ^^'sXa "wss^^ 
of philosophy. 



PBEFACE. 

In the Treatise on Solid Geometry are found several examples of the 
use of the Method of Exhaustions employed by the ancient geometri- 
cians. For some remarks on tliis subject, and on a particular rule 
observed by Euclid in the composition of his geometry, the following 
quotation from the preface to Professor Playfair's treatise is subjoined : — 

"With respect to the Geometry of Solids, I have departed from 
Euclid altogether, with a view of rendering it both shorter and more 
compfehensive. This, however, is not attempted by introducing a mode 
of reasoning looser or less rigorous than that of the Greek geometer ; 
for this would be to pay too dear even for the time that might thereby 
be saved ; but it is done chiefly by laying aside a certain rule, which, 
though it be not essential to the accuracy of demonstration, Euclid has 
thought it proper, as much as possible, to observe. 
' The rule referred to is one which regulates the arrangement of EucIid^s 
propositions through the whole of the Elements, namely, that in tho 
demonstration of a theorem he never supposes any thing to be done, as 
any line to bo drawn, or any figure to be constructed, the manner of 
doing which he has not previously expliUned. 

In the two Books on the Properties of Solids that I now offer to the 
publio, though I have followed Euclid very closely in the simpler parts, 
I have nowhere sought to subject the demonstrations to such a law as 
the foregoing, and have never hesitated to admit tho existence of such 
solids, or such lines as are evidently possible^ though the manner of 
actually describing them may not have been explained. In this way, 
also, I have been enabled to offer that very refined artifice in geometri- 
cal reasoning, to which we give the name of the Method of Exhaustions, 
pnder a much simpler form than it appears in tho twelfth book of 
Euclid ; and the spirit of it may, I think, be best learned when it is 
disengaged from every thing not essential to it. That this method may 
be the better understood, and because the demonstrations that require 
it are, no doubt, the most difficult in the Elements, they are all con- 
ducted as nearly as possible in the same way through the different 
JBoUds, from the pyramid to the sphere. The camparison ci this last 
Solid with the cylinder concludes the eighth book, and is a proposition 
that may not improperly be considered as terminating the elementary 
part of Geometry.** 

This volume, with the preceding (the Elxhents of Plane Geometry), 
forms a sufficiently extended Elementary Course of Synthetical Geo- 
metry. The higher principles of Trigonometry, and the more abstruse 
properties of Curves, are fidly and clearly investigated by the only ade- 
quate method, which is founded on Algebraical Analysis, the application 
t)f which to these subjects constitutes the branches of Analytical Tri- 
fifosacBietry gnd Amiytictii GciMnctry. 

JEniKBUMoa, September 1, 183?. 
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FIRST BOOK. 



. Solid Geometry treats of the properties of geometricaji 
Sgures existing in space. Hence, these figures possess - 
extension in the three dimensions of length, breadth, an4 
thickHess ; they do not therefore exist in the same plane^ . 
but thej may be represented by means of diagrams drawir- 
0n a plane. 

DEFINITIONa 

1. A straight line is perpendtculur^ or at ri^ht anaUs i/d- 
ft plane, when it makes right angles with eyery straight line 
meeting it in that plane. 

2- A plane is perpendicular to a plane, when the straight 
lines drawn in one of the planes perpendicularly to the com- 
mon section of the two planes, are perpendicular to th^ 
othor plaiie. 

3* The inclination of a straight line to a plane is the 
aetUe angle contained by that straight line, and anoth^ 
drawn from the point in which the first line meets the plane^ 
to ^e point in which a perpendicular to the plane drawn 
from any point of the first line, meets the same plane. 

4. The inclination of a plane to a plane is the acute angle 
contained by two straight lines drawn from any the same 
point of then: common section at right angles to it, one upon 
one plane, and the other upon the other plane. 

5, Two planes are said to have the same^ or ^ l\kA mc\Arr 
nation to one another, which two ot\iet T^«a»^\ia:^ft^^^«^ 
their angles of inclination are equal to one «xkft\Xx«t% 
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6. Parallel planes are such as do not meet one another 
though produced. 

7. A straight line and plane are parallel^ if they do not 
meet when produced. 

8. The angle formed by two intersecting planes is called 
a dihedral angle. 

9. Any two aisles are said to be of the same affection^ 
when they are either both greater or both not greater than 
a right angle. The same term is applied to arcs of the 
same or equal circles, when they are either both greater or 
both not greater than a quadrant. 

PROPOSITION L THEOREM. 

One part of a straight line cannot be in a plane, and an- 
frther part aboye it. 

If it be possible, let AB, part of the straight line ABC, 
be in the plane, and the part BC aboye it ; and since the 
straight line AB is in the plane, it can 
be produced in that plane ; let it be 
produced to D. Then ABC and ABD 
are two straight lines, and they haye 
i^e common segment AB ; which is impossible (PI. Ge. I. 
Def. 3, Cor.)* Therefore ABC is not a straight line. 

PROPOSITION IL THEOREM. 

Any three straight lines which meet one another, not in 
the same point, are in one plane. 

Let the three straight lines AB, CD, CB, meet one an- 
other in the points B, C, and E ; AB, CD, CB, are in one 
plane. 

' Let any plane pass through the straight line EB, and let 
the plane be turned about EB, pro- yc, 

duced, if necessary, until it pass through 
the point C. Then, because the points 
E, C, ai^ in this plane, the straight 
Hue EC is in it (PI. Ge. L pef. 8) ; A* 
for the same reason, the straight line i> 
BC is in the same ; and, by the hypothesis, EB is in it ; 

*J^, (re, refers to the toltuae oallun Q^oaR^srY. 
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therefore the ihree straidit fines EC, CB, BE, are in one 
plane ; but tlic whole of the lines DC, AB, and BC, p*o-' 
duced, are in the same plane with the parts of them EC, 
EB, BO (L 1.) Therefore AB, CD, CB, are all in one 
plane. 

CoBOLLUtT l.-«-It is manifest that any two straight lines 

which cut one another are in one plane. 
Cob. 2^«--0nly one plane can pass through three points^ 
or throu^ a straight fine and a point ; and these con- 
ditions ti^erefore are sufficient to determine a plane* 

PROPOSITION m. THEOREM. 

If two planes cut one another, their oommon section is a 
straight line* 

Let two planes AB, BC, cut one another, and let B and 
D be two points in the line of their oom- 
mon section. From B to D draw the 
straight line BD ; and because the points 
B and D are in the plane AB, the straight 
line BD is in that plane (PL Ge. I. De£ 8) ; 
for the same reason, it is in the plane CB ; the straight line 
BD is therefore common to the planes AB and BC, or it is 
the common section of these plaGies. 

PROPOSITION IV. THEOREM. 
If a straight line stand at right angles to each of two 
straight lines in the point of their intersection, it will also 
be at right angles to the plane in which these lines are. 

Let PO be perpendicular to the lines AB, CD, at their 
point of intersection O, it is perpendicular to their plane. 

For, draw through O any straight line EF in their plane. 
In CD take any point G, and make 
GD = OG, and through G draw 
GF parallel to OB, to meet OF in 
F; join DF, and produce DF to 
meet AB in B, and join PD, PF, 
andPB. 

Because OG = GD, therefore (PL Ge. YI. 2.) BF =FD j; 
and because, in triangle DOB, tlie sv^ie T>^ \&\sv^^^^V\a. 
F, therefore (PL Ge. IL A.) DO^ + 013? =^0^^ ^^^^ 




4 ELEMENTS OF fiOIOD. GEOMETRY. 

And for a similar reason, in triangle DPB, DP* + PB* = 
2Pr2 + 2FB2. But since POD is giren a right angle, 
therefore (PI. Ge. I. 47) PD* = PO* + OD*; and for a 
$imilar reason PB* = PO* + OB*. Therefore PD* + PB^ 
:^2PO* + OD2+OB*=2P02+2 0F+2FB2,foritwas 
shown that OD* + OB* = 2 OF + 2 FB*. But it was also 
proved that PD* + PB* = 2 PF* + 2 FB* ; and therefore 
2 PF*+2 FB2=2 P0*+2 0F*+2 FB* ; or, taking 2 FB* 
from both, 2PF* = 2PO* + 2 OF, or PF = P0* + 0F2. 
Therefore (PL Ge. I. 48) POF is a right angle. In a si- 
milar maimer it may be shown that PO is perpendicular to 
any other line through O in the plane ACBD; therefore it 
is perpendicular to tnat plane (I. Def. 1.) 
. CoR. 1. — ^If a plane be horizontal in any two direction^ 
it is so in every direction. 
CoR. 2. — ^The peipendicular PO is less than any oblique 
line as PB, and therefore it measures the shortest dis- 
tance from the point P to the plane. 

PROPOSITION V. THEOREM. 
If three straight lines meet all in one point, and a straight 
line stand at right angles to each of them in that pomt, 
these three straight lines are in one and the same plane. 

.Let the straight line AB stand at right angles to each of 
the stra^ht lines BC, BD, BE, in B, the point where they 
meet ; BU, BD, BE, are in one and the same plane. 
r If not, let, if it be possible, BD and BE be in one plane, 
and BC be above it ; and let a plane pass through AB, BC, 
the common section of which with the 
plane, in which BD and BE are, shall be 
5 straight line (1.3); let this be BF; 
therefore the three straight lines AB, BC, 
BF, are all in one pkme, namely, that 
which passes through AB, BC ; and be- ^ 
cause AB stands at right angles to each of 
{{le straight lines BD, BE, it is also at 
right an^es to the plane passing through them (L 4) ; and 
therefore makes right angles (I. Def. 1) with every straight 
^e meeting it in that plane ;. but BF, which is in that plane, 
jaeets it; therefore the angle ABF is a right ang^le ; but thet 
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afigW ABC, Ibj tbe Itypothesis, is also a riglit angle; there- 
fore the angle ABF is equal to tlie angle ABC, and they 
are !)oth in the same plane ; which is impossible : therefore 
the straight line BC is not above the plane in which are 
BD and BE. Wherefore the three straight lines BC, BD, 
BS, are in one and the same plane. 

PROPOSITION VI. THEOREM. 

If two straight Hnes he at right angles to the same plane| 
they shall he parallel to one another. < 

Let the stmidit lines AB, CD, be at right angles to the 
same plane ; AB is parallel to CD. 

Let them meet the plane in the points B, D, and draw 
the sfiraight line BD, to which draw DE at right angles, in 
the same plane; and make DE equal to AB, 
and join BE, AE, AD. Then, because AB 
is perpendicular to the plane, it shall make 
right (I. Def. 1) angles with every straight 
line which meets it, and is in that plane ; but 
BD, BE, which are in that plane, do each of 
them meet AB. Therefore each of the angles 
ABD, ABE, is a ri^t angle. For the same reason, each oC 
the angles CDB, CDE, is a right angle ; and because AB 
is e^ual to DE, and BD common, the two sides AB, BD^ 
are equal to the two ED, DB; and they contain right 
angles ; therefore the base AD is equal (PL Ge. I. 4) id 
the base BE. Again, because AB is equal to DE, and BE 
to AD, and the base AE common to the triangles ABfi^ 
EDA, the angle ABE is equal (PL Ge. I. 8) to the angle 
EDA ; but ABE is a right angle ; therefore EDA is also d 
right angle, and ED perpendicular to DA ; but it is also 
perpendicular to each of the two BD, DC ; wherefore Elf 
ia^.at right angles to each of the three straight lines BD^ 
DA, DC, in the point in which they meet. Therefore thes^ 
three straight lines are all in the same plane (I. 5) ; bttt 
' AB is in the plane in which are BD, DA, hecause any thied 
straight lines which meet one another are in one plane (J-^^l 
Therefore AB, BD, DC, are in one plane; and each of thij 
angles ABD, BDC, is a right angte-, t\iet^fet^ KSiS&'^g^ 
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PROPOSITION VIL THEOREM, 

' If two straight lines be parallel, and one of tliem is at 
right angles to a plane, the other also shaU he at right 
an^es to the same plane. 

Let AB, CD, be two paraDel straight lines, and let one 
of them AB be at right angles to a plane ; 
the other CD is at right angles to the 
same plane. 

For, if CD be not perpendicular to the "T" "I !~^ 

5 lane to which AB is perpendicular, let A .. \ 

)G be perpendicular to it. Then (1. 6) 
DG is pandlel to AB ; DG and DC therefore are both pa- 
rallel to AB, and are drawn through the same point D ; 
which is impossible. 

PROPOSITION Vm. THEOREM. 
Two straight lines which are each of them parallel to the 
same straight line, though not both in the same plane with 
it, are parallel to one another. 

Let AB, CD, be each of them parallel to EF, and not in 
the same plane with it ; AB sliall be parallel to CD. 

Li EF take any point G, from which draw, in the plane 
passing through EF, AB, the straight line GH at right 

angles to EF; and in the plane passing A h: g. 

through EF, CD, draw GK at right \ ^ 

aisles to the same EF. And because ^ /^ ^ 

EF is perpendicular both to GH and "5 k d 

GB[, EF is perpendicular to the plane HGK passing through 
them ; and EF is parallel to AB ; therrfore AB is at right 
iangles (1. 7) to the plane HGK. For the same reason, CD 
is nkewise at right angles to the plane HGK. Therefore 
AB, CD, are each of them at right angles to the plane HGK. 
But if two straight lines are at right angles to the same 
plane, they are parallel (I. 6) to one another. Therefore 
AB is parallel to CD. 

PROPOSITION IX. THEOREM. 
I^ two straight lines meeting one another be parallel to 
^o others thai meet one another, ihou^uolm^^ ^^^ccLft 
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{>ldaae wkli the fint two, the first two and the other two 
fihall contain equal angles. 

Let the two straight Knes AB, BC, which meet one an- 
o^er, be paraSel to the two straight lines DE, EF, that meet 
one another, and are not in the same 
plane with AB, BC. The angle ABC 
IS equal to the angle DEF. 

Take BA, BC, ED, EF, all equal to 
one another ; and join AD, CF, BE, 
AC, DF ; because BA is equal and parallel to ED, there- 
fwre AD is (PI. Ge. I. 33) both equal and parallel to BE ; 
for the saine reason, CF is equal and parallel to BE ; there- 
fore AD and CF are each of them equal and parallel to BE. 
Bat straight lines that are parallel to the same straight line, 
though not in the same plane with it, are parallel (I. 8) to 
one another; therefore AD is parallel to CF; and it is 
equal to it, and AC, DF, join them towards the same parts ; 
and therefore AC is equal and parallel to DF ; and because 
AB, BC, are equal to DE, EF, and the base AC to the base 
DF, the angle ABC is equal (PI. Ge. I. 8) to the angle 
DEF. 

PROPOSITION X THEOREM. 
To draw a straight line perpendicular to a plane, from a 
given point abore it 

Let A be tiie given point above the plane BH ; it is re- 
quired to draw from the point A a straight line perpendi- 
cular to the plane BH. 

In the plane draw any straight line BC, and from the 
point A draw AD perpendicular to BC. If then AD be 
also perpendicular to the plane BH, the 
thing required is already done ; but if it be 
not, from the point D draw, in the plane 
BH, the straight line DE at right angles to 
BC ; and from the point A draw AF per- 
pendicular to DE ; and through F draw GH parallel to BC ; 
and because BC is at right angles to ED and DA, BC is 
at right angles (L 4) to the plane passing through ED^ D A\ 
and GH is parallel to BC ; but i£ tYfo «te:«s.^B\.\s^^'a»>^^'^|*- 
tullel, (me of wiidh h at right an^e^ \o «.^«aft-> "^^ ^^o^ 
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shall be at right (I. 7) angles to the same plane ; whereiR>r8 
6H is at right angles to the plane through ED, DA, and 
is perpendicular (I. Def. 1) to every straight line meeting it 
ia that plane. But AF, which is in the plane through ED^ 
I) A, meets it ; therefore GH is perpendicular to AF ; and 
consequently AF is perpendicular to GH ; and AF is also 
perpendicular to DE; therefore AF is perpendicular to 
each of the straight lines GH, DE. But if a straight line 
stands at right angles to each of two straight lines in the 
point of their intersection, it shall also be at right angles 
to the plane passing through them ; and the plane passing 
ihrough ED, GH, is the plane BH ; therefore AF is per- 
pendicular to the plane BH ; so that, from the given point 
A, above the jJane BH, the straight line AF is drawn per-^ 
pendicular to that plane. 

Coa. — ^If it be required from a point C in a plane to 
erect a perpendicular to that plane, take a point A 
above the plane, and draw AF perpendicular to the 
plane ; then, if from a line be drawn parallel to AF, 
it will be the perpendicular required ; for, being parallel 
to AF, it will be perpendicular to the same plane to 
which AF is perpendicular. 

PROPOSITION XL THEOREM. 
From the same point in a given plane, there cannot be 
two straight lines at right angles to the plane, upon the 
same side of it ; and there can be but one perpendicular to 
a plane from a point above the plane. 

For, if it be possible, let the two straight lines AC, AB, be 
At ri^t ajigles to a given plane from the same point A in the 
{>lane, and upon the same side of it ; and let \ i 

a plane pass through BA, AC ; the common ^' ' ^ 
section of this with the given plane is a 

straight line passing through A (1. 3). Let 

DAE be their common section; therefore ^ A JS 
the straight lines AB, AC, DAE, are in one plane ; and 
because CA is at right angles to the given plane, it shall 
make right angles with every straight Hne meeting it in 
Hbat plane. But DAE^ which is in that plane, meets CA ; 
therefore CAE ia a right angle, fox tbi^ BdXAAT^^aaiV) B AE 
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ifr a rigiki angle ; wherefore the angle CAE is equal to the 
angle iBAB i tnd thej are in one plane; which is impossiUei 
AkOy from a poiot above a plane, there can be but one pei4 
pendicular. to that plane ; for if there could be two, they 
W4>uld be parallel (1. 6) to one another; which is absurd. : 

PROPOSITION XIL THEOREM. 
Planes to which the same straight line is perpendicular^ 
^re parallel to one another. 

' Let the straight line AB be perpendicular to each of tho 
planes CD, £F ; these planes are parallel to one another. ■ 
If not, ihey shall meet one anower when produced ; let 
them meet ; their common section shall be a straight lin0 
GHy in which take any point K, and join AK, 
BK; then, because AB is perpendicular to 
the plane EF^ it is perpendicular (I. Def. 1) c 
to the straight line BK which is in uiat plane ; ' 
therefore ABK is a right angle ; for the same 
reason, BAK is a right angle ; wherefore the 
two angles ABK, BAK, of the triangle ABK, are equal to 
two right angles; which is impossible (PL Ge. 1. 17) ; there- 
fore the planes CD, EF, though produced, do not meet one 
another ; that is, they are parallel (I. Def. 6.) 

PROPOSITION Xni. THEOREM. 
If two straight lines meeting one another be parallel to 
two straight lines which meet one another, but are not in the 
same plane with the first two, the plane which passes through 
these is parallel to the plane passing through the othersi 

Let AB, BO, two straight lines meeting one another, b^ 
paralldl to DE, EF, that meet one another, but are not ih 
the same plane with AB, BC ; the planes through AB, BO^ 
and D£, EF, shall not meet, though produced. 

From the point B draw BG perpendicular (1. 10) to th^ 
plane which passes through DE, EF, and let it meet thstt 
plane in G^; and through G draw GH paral- 
lel to ED, and GK paraUel to EF. And ^ 
J^ecause. BG is perpendicular to the plane 
4hr0u^ DE, EF, it shall make right angles 
iritht erer^^ia^ht line meeting it Vn Xlbal' 
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plane (L Def. 1). But the straiglit lines GH, GK, in that 
plane meet it ; therefore each g£ the angles BGH, BGK* 
IS a right angle. And hecanse BA is parsdlel (I. 8) to .GH 
(for each of diem is parallel to DE), the angles GB A, BGH, 
are together eqnal (PL Ge. 1. 29) to two right angles. And 
BGH is a right angle ; therefore also GBA is a right angle, 
and GB perpendicular to BA. For the same reason, GB is 
perpendicular to BC. Saice therefore the straight line GB 
stands at right angles to the two straight lines B A, BO, thai 
eat one another in B, GB is perpendicular (I. 4) to the 
plane through BA, BC ; and it is perp^idicular to the plane 
through DE, EF ; therefore BG is perpendicular to each of 
tiie pkmes through AB, BC, aud DE, EF. But planes to 
which the same straight line if perpendicular, are paralld 
(I. 12) to one another. Therefore the plane through AB^ 
BC, is parallel to tibe plane through DE, EF. 

PROPOSITION XIV. THEOREM. 
If two parallel planes he cut hy another plane, their com- 
mon sections with it are parallejb. 

Let the parallel planes AB, CD, he cut by the plan^ 
EFHG, £md let their common sections, with it be EF, GH; 
EF is paraUel to GH. 

For the straight lines EF and GH are in the same plane, 
namely, EFHU, which cuts the planes i^^ r^n 

AB and CD; and they do not meet 
though produced ; for the planes in which 

they are, do not meet ; therefore EF and ^ ^g=:;;| ^^ 

GH are paralleL 

PROPOSITION XV. THEOREM. 
If two parallel planes be cut by a third plane, they have 
the same inclination to that plane. 

Let AB and CD be two parallel planes, and EH a third 
plane cutting them. The planes AB and CD are equally 
inclined to EH. 

Let the straight lines EF and GH be the common sections 

of the plane EH with the two planes AB and CD ; and 

£r>m K any point in EF, draw in the plane EH the straight 

Mie KM at rigjkt angles to EF, aaa \t\ '\^ m^i GH i]|k 
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L; draw also KN at right angles to EF in the plan^ 
AB; and ihnragh the strai^t Imes 
KM, KN, let a plane be made to pass 
catting the plane CD in the line LO. 
And because EF and GH are the com- b 
mon sections of the plane EH with 
the two parallel planes AB and CD, EF is parallel to GH 
(1. 14). But EF is at right angles to the plane that passes 
throng KN and KM (1. 4), because it is at right angles to 
the lines KM and KN ; therefore GH is also at right angles 
to the same plane (I. 7)^ ai^d it is therefore at right angles 
to tlie lines LM, LO, which it meets in that plane. There* 
fore, since LM and LO are at right angles to LG, the com- 
mon section of the two planes CD and EH, the an^e OLH 
is the inclination of the plane CD to the plane EH (I. Def. 
4). For the same reason the an^ MKN is the inclination 
of the plane AB to the plane EH. But because KN and 
LO are parallel, being the common sections of the parallel 
planes AB and CD with a third plane, the interior angle 
NKM is equal to the exterior angle OLM ; that is, the in- 
dination of the plane AB to the plane EH, is equal to the 
inclination of the plane CD to the same plane EH. 

' PROPOSITION XVL THEOREM. 
If two straight lines be cut hj parallel planes, thej shall 
be cut in the same ratio. 

Let the straight lines AB, CD, be cut by the parallel 
planes GH, KL, MN, in the points A, E, B; C, F, D. As 
AE is to EB, so is CF to FD. 

Join AC, BD, AD, and let AD meet the plane KL in 
the point X ; and join EX, XF. Because the two parallel 
planes KL, MN, are cut by the plane EBDX, arr — c — 7 
the common sections EX, BD, are parallel / iT ! A r 
(I. 3). For the same reason, because fiie two ^ J\ — , 
parallel planes GH, KL, are cut by the plane Arx^^/r. 
AXFC, the common sections AC, XF, are \ \ 
parallel. And because EX is parallel to BD, ly j \ ^ 
a side of the triangle ABD, as AE to EB, so F ^/ ir 

is (PI. Ge. VI. 2) AX to XD. Again, becaoa^^^^ S&^^ 
rOIel to AC, a side of the triangle AI>C, ^ kX^Xo^SiS^^^^ 
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ii CF to FD. And it was prored that AX is to XD, as 
AE to ER Theref(»re (PL Ge. Y. 11), as A£ to EB, so 
is OF to FD. 

PROPOSITION XVIL THEOREM. 
1£ a straight line be at right angles to a plane, every plane 
which passes through it shdl he at right angles to that plane. 

» Let the straight line AB be at right angles to a plane 
CK ; eveiy plane which passes through AB maXi be at right 
angles to the plane CK. 

Let any plane DE pass through AB, and let CE be the 
common section of the planes DE, CK ; take any point F 
in CE, from which draw FG in the plane 
DE at right angles to CE. And because 
AB is perpenmcular to the plane CK, ^" 
therefore it is also perpendicular to every \ _ 
Straight line meeting it in that plane (I. c r b js 
Def. 1 ) ; and consequently it is perpendicular to CE. Where- 
fore ABF is a right angle ; but GFB is likewise a right 
angle ; therefore AB is parallel to FG. And AB is at right 
angles to the plane CK ; therefore FG is also at right angles 
to the same plane (I. 7)> But one plane is at right angles 
to another plane when the straight lines drawn in one of 
the planes, at right angles to their common section, are also 
at right angles to the other plane (I. Def. 2) ; and any 
Strai^t line FG in the plane DE, which is at right angles 
to CE, the common section of the planes, has been proved 
to be peipendicnlar to the other plane CK ; therefore the 
plane DE is at right angles to the plane CK. In Hke man- 
ner, it may be proved that all the planes which pass through 
AB are at right angles to the plane CK. 

PROPOSITION XVni. THEOREM. 
If two planes cutting one another be each of them per- 
pendicular to a third ^ane, their common section shall be 
perpendicular to the same plane. 

Let the two planes AB, BC, be each of them perpendi- 
cular to a third plane, and let BD be the common section 
cithe Brst two; BD is perpendicular to the plane ADC. 
Jivm D m the plane ADC, dxaw I>& -^r^tidkAilax to 
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ADi and DF to DO. Bao&nse D£ is perpendioular to AD^ 

i}ie oQoamon jsectipii'Of the planes AB and ADC; 

and because the plane AB is at right angles to 

ADC, DE is at right angles to l£e plane AB 

(I. Def. 2), and therefore also to the straight 

line BD in that plane (I. Def. 1). For the 

same reason, DF is at right angles to DB. Since aT"? k" 

BD is there[fore at right angles to both the lines DE and 

DF, it.is at li^t angles to the plane in which DE and DF^ 

are, that is, to the plane ADC (1. 4). 
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DEFINITIONS. 

1. A solid is a figure that has length, breadth, and thick- ^ 
ness. 

2. A solid angh is formed by the meeting, in one pointy 
of more than two plane angles not in the same plane. 

When the solid angle is contained by three plane angles,: 
it is called a trihedral angle ; and if it be contained by more \ 
than three, it is said to be polyhedral. The plane angles 
are called the sides or faces ; and the common sections of 
their planes, the edges of the angle. : 

3. A pyramid is a solid haying a rectilineal figure for its 
base, and, for its sides, it has triangles that meet in a point 
without the base, and having for their bases the sides of the, 
base of the pyramid. 

The conmion vertex of the sides is called the vertex p£ 
the pyramid ; and the altitude of a pyiamid is the perpen- 
dicular from its vertex to the plane of its base. 

4. A prism is a solid contained by plane figures, of which 
two are opposite, equal, similar, and parallel to one another, ■ 
and the others are parallelograms. 

The parallelograms are called the sides ; and the other 
two plane figures the ends, one of which is called the base* . 
The altitude is the perpendicular distance of its tY(<^ ^^i^ . 
It is.soid to be a r^ghi prism wkeutli^ tdi%<^ qsl<^^t^<^9^- 

B -* 
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eular to the base ; in other cases it is said to he oblique, 
the surface of the sides of a pyramid or prism is called the 
lateral or convex surface. A pyramid or prism is named 
according to the figure of its hase. According as the base 
is a triangle, a rectangle, a square, or a polygon, it is said 
to be triangular^ rectangular^ square, or polygonaL 

5. A parallelopiped is a solid %ure contained by six 
quadrilateral figures, of which eyery opposite two are pa- 
ralleL 

Any side of a parallelopiped may be called its base ; and 
its base, and the side opposite, are called its ends, A pa- 
rallelopiped is just a pnsm, with a parallelogram for its 
base ; and the definitions of the terms rights oblique^ alti- 
iudcy lateral and convex surface^ are the same as in the 
• case of the prism. A right parallelopiped is said to be con- 
tained by any three of its edges that belong to one of its 
trihedral angles, or by any three lines equal to them. 1£ 
A, B, C, be three of uiese edges, or any three lines, the pa- 
rallelopiped contained by them is expressed thus, A * B * C. 

6. A cube is a solid figure contained by six equal squares. 
The cube described upon any line, as a line M, is ex- 
pressed thus, M^. 

7. A polyhedron is any solid contained by more than 
three planes. If it has four sides, it is called a tetrahedron ; 
if jdx, a hexahedron ; if eight, an octahedron ; if twelve, a 
dodecahedron ; and if twenty, an icosahedron. 

8. Two polyhedrons are said to be similar^ when they 
are contained by the same number of similar faces, similarly 
situated, and containing equal dihedral angles. 

9. A polyhedron is said to be regular^ when its sides are 
equal r^ular polygons of the same kind, and its solid angles 
equaL 

There are only fire r^ular polyhedrons, of 4, 6, 8, 12, 
and 20 sides respectively, which are named as in the seventh 
definition. The first is contained by equilateral triangles ; 
the second by squares ; the third by equilateral triangles ; 
the fourth by pentagons ; and the fifth by equilateral tri- 
angles. 

10. A sjih^eyA a solid described by the revolution of a 
Bemichxld about its diameter, wluidx xeooains fixed. 
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The axis of the sphere is the fixed diameter abont which 
the semicircle rerolyes ; and its centre is the same as that 
of the generatmg semicircle. 

11. The diameter of a sphere is a straight line passing 
throngh the centre of the sphere, and terminated at each 
extremity hy the sur&ce. 

12. A riffht cone is a solid described by the rerolntion of 
a right-angled triangle about one of the sides containing the 
xi^t angle, which remains fixed. 

The axis of the cone is the fixed line abont which the 
generating triangle rerolres ; and its hose is the circle de* 
ficribed \rj the reyolving side containing the right angle. 

* 13. A right cylinder is a solid described by the rerolti- 
tion of a rectangle about one of its sides, which remains 
fixed. 

The axis of the cylinder is the fixed line about which 
the rectangle rerolves ; and its hoses or ends are the circles 
described by the opposite revolving sides of the rectangle. 

14. Similar cones and cylinders are those that have their 
axes and the diameters of their bases proportional. 

It is evident (Def. 12) that the axis of a cone is the 
straight line joining its vertex and the centre of its base ; 
and (Def. 13; that the axis of a cylinder is the straight line 
joining the centres of its two ends* 

PROPOSITION I. THEOREM. 
Any two of the plane angles that form a trihedral angle, 
are together greater than the third. 

Let the solid angle at A be contained by the three plane 
angles BAG, CAD, DAB. Any two of them are greater 
than the third. 

If the angles BAC, CAD, DAB, be all equal, it is evi- 
dent that any two of them are greater than the third. But 
if they are not, let BAC be &at angle 
which is not less than either of the other 
two, and is greater than one of them 
DAB ; and at the point A in the straight 
line AB, make, in the plane which passes 
through BA, AG, the angle BAE equal (PL Ge. 1. 2^^\^ 
the a^ileDAB; and make A£ eq)mio U>^^cdA.^^^s^>s^ 




16 ELEMENTS OF SOLID GEOMETRY. 

E draw BEC cutting AB, AC, in the points B, C, and join 
DB, DC. And because DA is equd to AE, and AB is 
common to the two triangles ABD, ABE, and also the 
angle DAB equal to the angle EAB ; therefore the base 
DB is equal to the base BE. And because BD, DC, are 
greater (PI. Ge. I. 20) than CB, and one of them BD has 
been proved equal to BE a part of CB, therefore the other 
DC is greater than the remaining part EC. And because 
DA is equal to AE, and AC common, but the base DC 
greater than the base EC; therefore the angle DAC is 
greater (PI. Ge. I. 25) than the angle EAC ; and, by the 
construction, the angle DAB is equal to the angle BAE ; 
wherefore the angles DAB, DAC, are together greater than 
BAE, EAC, that is, than the angle BAC. But B AC is 
not less than either of the angles DAB, DAC ; therefore 
BAC, with either of them, is greater than the other. 

PROPOSITION II. THEOREM. 
Every solid angle is contained by plane angles which to- 
gether are less than four right angles. 

First, let the solid angle at A be contained by three plane 
angles BAC, CAD, DAB. These three together are less 
than four right angles. 

Take in each of the straight lines AB, AC, AD, any 
points B, C, D, and join BC, CD, DB ; then, because the 
solid angle at B is contained by the three 
plane angles CBA, ABD, DBC, any two 
of them are greater (II. 1) than the third ; 
tiierefore the angles CBA, ABD, are 
greater than the angle DBC. For the 
same reason, the angles BCA, ACD, are neater than the 
angle DCB ; and the angles CD A, AD6, greater than 
BDC ; wherefore the six angles CBA, ABD, BCA, ACD, 
CD A, ADB, are greater than the three angles DBC, BCD, 
CDB ; but the three angles DBC, BCD, CDB, are equal 
to two right angles (PI. Ge. I. 32) ; therefore the six angles 
CBA, ABD, BCA, ACD, CD A, ADB, are greater than 
two right angles ; and because the three angles of each of 
thcf triangles ABC, ACD, ADB, are equal to two right 
angles, therefore the nine angles of thesQ three triangles, 
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namely, the angles CBA, BAG, ACB, ACD, CDA, DAQ 
ADB, DBA, BAD, are equal to six right angles. Of these^ 
the six angles CBA, ACB, ACD, CDA, ADB, DBA, are 
greater than two right angles; therefore the remaining 
three angles BAC, DAC, BAD, which contain the solia 
angle at A, are less than four right angles. 

Next, let the solid angle at A be contained by any num-* 
ber of plane angles BAC, CAD, DAE, EAF, FAB; these 
together are less than four right angles^ 

Let the planes in which the angles are, be cut by a plane,, 
and let the common sections of it with those planes be BC>. 
CD, DE, EF, FB ; and because the sohd A 

angle at B is contained by three plane angles 
CBA, ABF, FBC, of which any two are 
greater (II. 1) than the third, the angles B 
CBA, ABF, are greater than the angle ^ 
FBC. For the same reason, the two plane 
angles at each of the points C, D, E, F, i^ 
namely, the angles which are at the bases of the triangles 
having the common yertex A, are greater than the tmrd 
angle at the same point, which is one of the angles of the 
polygon BCDEF ; therefore all the angles at the bases of 
the triangles are together greater than all the angles of the 
polygon; and because all the angles of the triangles are 
together equal to twice as many right angles as there are 
triangles (PI. Ge. I. 32) ; that is, as there are sides in the 
polygon BCDEF ; and because all the angles of the polygon, 
together with four right angles, are likewise equal to twice 
as many right angles as. there are sides in the polygon 
(PL Ge. I. 32, Cor. 1) ; therefore all the angles of the tri- 
angles are equal to all the angles of the polygon, together 
with four right angles. But all the angles at the bases of 
the triangles are greater than aU the angles of the polygon, 
as has been proved. Wherefore, the remaining angles of 
the triangles, namely, those at the vertex, which contain the 
solid angle at A, are less than four right angles. 

PROPOSITION III. THEOREM. 

If two solids be contained by the same number of ea;iial 
and similar planes, similarly situated>asi^Vi^^mO^^'^^ 
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of any two contiguous planes in the one solid be the same 
with the inclination of the two equal, and similarly situated 
planes in the other, the solids themselves are equal and 
similar. 

Let AG and KQ he two solids contained hjr the same 
number of equal and similar planes, similarly situated, so 
that the plane AC is similar and equal to the plane KM, 
the plane AF to the plane KP, BG to LQ, GD to QN, 
DE to NO, and FH to PR. Let also the inclination of the 
plane AF to the plane AC be the same with that of the 
plane KP to the plane KM, and so of the rest; the solid 
KQ is equal and similar to the solid AG. 

Let the soHd KQ be applied to the solid AG, so that the 
bases KM aud AC, which are equal and similar, may coin- 
cide, the point N coinciding 
with the point D, K with A, 
L with B, and so on. And 
because the plane KM coin- 
cides with the plane AC, and, 
by hypothesis, the inclination 
of KK to KM is the same 
with the inclination of AH to AC, the plane KR will be 
upon the plane AH, and will coincide with it, because they 
are similar and equal, and because their equal sides KN 
and AD coincide. Aiid in the same manner, it is shown 
that the other planes of the solid KQ coincide with the 
other planes of the solid AG, each with each ; wherefore 
the solids KQ and AG do wholly coincide, and are equal 
and similar to one another. 

PROPOSITION IV. THEOREM. 

If a solid be contained by six planes, two and two of 
which are parallel, the opposite planes are similar and equal 
parallelograms. 

Let the solid CDGH be contained by the parallel planes 
AC, GF ; BG, CE ; FB, AE ; its opposite planes are similar 
and equal parallelograms. 

Because the two parallel planes BG, CE, are cut by the 
piane AC, their common sectionB AB) CD, are parallel 
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(1. 14). Again, because the two parallel planeB BF, AE, 
aia cot b^ tiie plane AC, their conunon sections AD, BC^ 
ate parallel ; wad AB is pai^el fo CD ; ~ ~ 

tberefore AC is ■ parallelwram. la like 
manner, it m&j b« proved that each of 
the figures CE, FG, GB, BF, AE, is a qL 
paraUelf^ram. Join AH, DF ; and be- 
cause AB is parallel to DC, and BH to _ 
CF ; the two straight Enes AB, BH, which meet one an- 
other, ore parallel to DC and GF, which meet one another ; 
wherefore, thoogh the first two are not in the same plane 
with the other two, they contain equal angles {1. 9) ; the 
angle ABH is therefore equal to ttie angle DCF. And 
becaose AB, BH, are ^nal to DC, CF, and the angle ABH 
eqnal to the angle DCF; tberefore the base AH is eq^l to 
the base DF, and the triangle ABH to the triangle DCF. 
For the same reoeon, the triangle AGH is equ^ to the 
triangle DEF ; and therefore the parallelogram BG is equal 
and similar to the parallelogram CE. In the same manner, 
it may be prored fliat the parallelogram AC is equal and 
rimilar to the parallelogram GF, ana the par^elogram AE 
toBF. 

PROPOSITION V. THEOEEM. 

If a solid |iaraIIelopiped be cat by a plane parcel to two 
of its (^posite planes, it will be divided into tivo solids, 
which will be to one snothei as theii bases. 

Let the Bolid parallelopiped ABCD be cut W the plane 
EV, which is parallel to the opposite planes AH, HD, and 
divides the whole into the solids ABFV, EGCD ; as the 
base AEFY to the base j^ n n. t 

EHCF, BO is the solid 
ABFT to the solid 
EGCD. 

Fiodnce AH both 
ways, and take any 

nimiberofBtraighthnes " -^ x - — ^^ 

HM, MN, eadi equal to EH, and any number AK, KL, 
each eqaal to E A, and complete the parallelograms LO., KYi^ 
HQ,M^andthefloUd9LP,Ka,H\J,'SK. •a«^>««sa» 
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tlie straight lines LK, KA, AE, are all equal, and also the 
iitraight unes KO, AY, EF, which make equal angles with 
LK, ICA., AE, the parallelograms LO, KY, AF, are equal 
and similar (PL Ge. VI. 20) ; and likewise the parallelo- 
grams KX, KB, AG ; as also (II. 4) the parallelograms 
LZ, KP, AR, because they are opposite planes. For the 
same reason, the parallelograms EC, HQ, MS, are equal ; 
and the parallelograms HG, HI, IN, as also HD, MU, NT ; 
therefore three planes of the solid LP are equal and similar 
to three planes of the solid KR, as also to three planes of 
the solid AY ; but the three planes opposite to these three 
are equal and similar to them in the several solids ; there- 
fore the solids LP, KR, AY, are contained by equal and 
similar planes. And because the planes LZ, KP, AR, are 
parallel, and are cut by the plane XY, the inclination of 
LZ to XP is equal to that of KP to PB, or of AR to BY 

S. 15) ; and the same is true of the other contiguous planes ; 
erefore the solids LP, KR, and AY, are equal to one 
another (II. 3). For the same reason, the three solids ED, 
HU, MT, are equal to one another ; therefore what multiple 
Soever the base LF is of the base AF, the same multiple is 
the solid LY of the soHd AY ; for the same reason, what- 
ever multiple the base NF is of the base HF, the same 
multiple is the soKd NY of the soHd ED ; and if the base 
LF be equal to the base NF, the soHd LY is equal to the 
solid NY ; and if the base LF be greater than the base NF, 
the solid LY is greater than the solid NY ; and if less, less. 
Since then there are four magnitudes, namely, the two bases 
AF, FH, and the two solids AY, ED, and of the base AF 
and solid AY, the base LF and soHd LY are any equimul- 
tiples whatever ; and of the base FH and soHd ED, the 
base FN and solid NY are any equimultiples whatever ; 
and it has been proved, that if the base LF is greater than 
the base FN, the soHd LY is greater than the solid NY ; 
and if equal, equal ; and if less, less. Therefore (PL Ge. Y. 
Def. 10), as the base AF is to the base FH, so is the solid 
AY to the solid ED. 

Scholium. — This proposition may be demonstrated by 
the principle in the twenty-seventh proposition of the addi- 
tional Fifth Book^ thus :— 
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Let the parallelopiped AF be cut by a plane GH parallel 



to either of its sides AE or BF, then 

For, let the bases AK, KB, be 
the sides AH, HB, " 



Ak:KB. 

iurable, and hence 



a^^ 



Let AH 

and HB contain a 
common measote Z 4 c 
and 3 times respec- 
tively. Divide AH 
into 4 and HB into 
3 eqnal parts in L, M, N, O, and P, and thromh these 
points let planes I^ MT, &c. pass, parallel to AE, then AQ 
will be divided into 4, and HF into 3, equal parallelopipeds, 
AS, LT, &c. The figures AS, LT, &c. are parallelopipeds, 
for their opposite sides are parallel (II. Def. 5), an»i hence 
. the oppmite sides are eqoal and similar parallelograms 

S4). Also the paiallelogTams AQ, LE, are e<^ual, &s 
= LM, and AM is pariSel to CR. For a similar reason 
EQ = SB ; and also AE = 18. The parallelograms op- 
posite to these are also equal (II. 4) ; therefore the two 
parallelopipeds AS, LT, are contained by the same numbex 
of equal and similar parallelograms, similarly situated. The 
parallel planes AE, LS, are cut by the plane EK ; therefore 
the inclinatioii of AE and EQ is equal to that of I^ and 
SB ; and the same may be proved oi the inclinations of thie 
other sides of AS and LT. Hence (H. 3) AS = LT. It 
nay be similarly proved that the parallelopipeds LT, MU, 
NG, HV, OW, and PF, are equal. Hence AG : GB =: 
4:3; but AK:KB = 4: 3; therefore AG :GB = AK; KB. 
The same proportion is similarly proved, whatever be the 
number of times that AH ; HB contain their common me^ 
sure, when commensurable ; hence the proportion exists 
when they are incomnjensurable (PI. Ge. Ad. V. 27). 
Cor. — Because the parallelogram AF (former figure) is to 
the parallelognim FH as YF to FC (PI. Ge. VI. I), 
therefore the solid AV is to the solid ED as YF to FO. 
PROPOSITION TL THEOREM. 
If a solid parallelopiped be cut by a plane passing through 
the diagonals of two of the oppo».le ^^fts^ "A 'SS^'Ni^ 's* 
in two equal prisms. 
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Let AB be a solid parallelopiped, and DE, CF, the dia- 
gonals of the opposite parallelograms AH, GB, namely, 

those which are drawn betydxt the equal ^^^^ ^ 

angles in ea^h; and because CD, FE, are 
each of them parallel to GA, tibough not ^ 
in the same plane with it, CD, F£, are 
parallel (I. 8) ; wherefore the diagonals 
CF, DE, are in the plane in which the 

parallels are, and are themselves parallels 

(1. 14) ; and the plane CDEF shall cut A B 

the solid AB into two equal parts. 

Because the triangle CGF is equal (PL Ge. 1. 34) to the 
iiiangle CBF, and the triangle DAE to DHE ; and that 
the parallelogram CA is equal (II. 4) and similar to the 
opponte one BE ; and the parallelogram GE to CH ; thei^ 
fore the planes which contain the prisms CAE, CBE, are 
equal and similar, each to each ; and they are aJso equally 
inclined to one another, because the planes AC, EB, are 
parallel, as also AF and BD, and thej are cut by the plane 
CE ; therefore the prism CAE is equal to the prism CBE 

£1. 3), and the solid AB is cut into two equsd prisms by 
e plane CDEF. 

Def, — ^The inMstinff straight lines of a parallelopiped, 
mentioned in the following propositions, are the sides of the 
parallelograms betwixt the base and the plane parallel to it. 

PROPOSITION VIL THEOREM. 

Solid parallelopipeds upon the same base, and of the same 
altitude, the insisting straight lines of which are terminated 
in the same straight lines m the plane opposite to the base, 
are equal to one another. 

Let the solid parallelopipeds AH, AX, be upon the same 
base AB, and of the same altitude, and let their insisting 
straight Hues AF, AG, LM, LN, be terminated in the same 
straight line FN ; and CD, CE, BH, BK, be terminated in 
the same straight line DK ; the solid AH is equal to the 
8oHd AK. 

Because CH, CK, are parallelograms, CB is equal (PL 
Cfe. L 34) to each of the opposite sides DH, EK ; where- 
^re DHis equal to EK. Add, ox tske aw«5 ^^ ^ioisaassBL 
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part HE ; tKen DE is equal to HX ; wherefore also the 
txiangle ODE is equal (PL Ge. L 38) to the triangle BHK; 
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and the parallelogram DG is equal (PL Ge. I. 36) to the 
parallelograin HN. For the same reason, the triangle AFG 
is equal to the triangle LMN, and the parallelogram OF iM 
equal (II. 4) to the parallelogram BM, and CG to BN ; 
for l^ey are opposite. Therefore, the planes which contain 
the prism DAG are similar and equal to those which con- 
tain the prism HLN, each to each; and the contiguous 
planes are also equally inclined to one another (I. 15), be- 
cause that the parallel planes AD and LH, as also A£ and 
UK, are cut hy the same plane DN ; therefore the prisms 
DAG, HLN, are equal (II. 3). If therefore the prism 
LNH be taken from the solid, of which the base is the 
parallelogram AB, and FDEIN the plane opposite to the 
base ; and if from this same solid there be tsQ&en the prism 
AGD, the remaining solid, namely, the parallelopiped AH, 
is equal to the remaining parallelopiped AIL 

PROPOSITION Vni. THEOREM. 
Solid parallelopipeds upon the same base, and of the 
same altitude, the insistiag straight lines of which are not 
terminated in the same straight lines in the plane opposite 
to the base, are equal to one another. 

Let the parallelopipeds CM, CN, be upon the same base 
AB, and of the same altitude, but their insistiag straight 
lines AF, AG, LM, LN, CD, CE, BH, BK, not terminated 
in the same straight lines ; the solids CM, CN, are equal to 
one another. 

Produce FD, MH, and NG, KE, and let them meet one 
another in the points O, P, Q, R ; and join AO^ LP^ BQ^ 
CB. Because tiie planes (II, Det 5^ ISffiL «a.^ ^^^'iS^ 
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are parallel, and because the plane LBHM is that is 

whidi are the parallels LB, MHPQ, and in which also 

is the figure BLPQ; and because the plane ACDF is 

that in which are the isr 

paraUels AC, FDOR, 

and in which also is / \^ * \g 

the figure CAOR ; 

therefore the figures m "k. / / Vp/ / \ q. 

BLPQ, CAOR, are in ' 
parallel planes. In -gN 
like manner, because 
the planes ALNG and 
CBKE are parallel, 
and the plane ALNG 
is that in which are the parallels AL, OPGN, and in which 
also is the figure ALPO ; and the plane CBKE is that in 
which are the parallels CB, RQEK, and in which also is 
the figure CBQR; therefore the figures ALPO, CBQR, 
are in parallel planes. But the planes ACBL, ORQP, are 
also parallel; therefore the solid CP is a parallelopiped. 
Now the solid parallelopiped CM is equal to the solid paral- 
lelopiped CP ; because they are upon the same base, and 
their insisting straight lines AF, AO, CD, CR, LM, LP, 
BH, BQ, are in the same straight lines FR, MQ ; and the 
solid CP is equal to the solid CN ; for they are upon the 
same base ACBL, and their insisting straight lines AO, 
AG, LP, LN, CR, CE, BQ, BK, are in the same straight 
lines ON, RK; therefore the solid CM is equal to the 
soHd CN. 

PROPOSITION IX. THEOREM. 
Solid parallelopipeds which are upon equal bases, and of 
the same altitude, are equal to one another. 

Let the solid parallelopipeds AE, CF, be upon equal 
bases AB, CD, and be of the same altitude ; the solid AE 
is equal to the solid CF. 

Case 1. Let the insisting straight lines be at right angles 

to the bases AB, CD, and let the bases be placed in the 

same plane, and so as that the sides CL, LB, be in a straight 

£aej tier&Fore the straight line LM, wloick la ^.t xl^lxt ^sv^lea 
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to the plane in wHch the bases are, in the point L, is com- 
XDon (1. 11) to the two solids AE, CF; let the other insist- 
ing lines of the soKds be p f 

AG, HK, BE, DF, OP, V f\" r 

€N; and first, let the V l-Al 

angle ALB be equal to 
the angle OLD ; then AL, 
LD, are in a straight line 
(PI. Ge. I. 14). Produce 
CD, HB, and let them 
meet in Q, and complete 
the solid parallelopiped LR, the base of which is the paral- 
lelogram LQ, and of which LM is one of its insisting straight 
lines ; therefore, because the parallelogram AB is equal to 
CD, as the base AB is to the base LQ, so is (PL Ge. V. 7) 
the base OD to the same LQ ; and because the solid paral- 
lelopiped AR is cut by the plane LMEB, which is parallel 
to the opposite planes AK, DB ; as the base AB is to the 
base LQ, so is (11. 5) the solid AE to the sohd LR. For 
the same reason, because the solid parallelopiped OB is cut 
by the plane LMFD, which is parallel to the opposite planes 
CP, BB ; as the base OD to the base LQ, so is the solid 
OF to the solid LR ; but as the base AB to the base LQ, 
so the base OD to the base LQ, as has been proved ; there- 
fore as the solid AE to the sohd LR, so is the solid OF to 
the solid LR ; and therefore the solid AE is equal (PI. Ge. 
V. 9) to the soHd OF. 

But let the solid parallelopipeds SE, OF, be upon equal 
bases SB, OD, and be of the same altitude, and let their 
insisting straight lines be at right angles to the bases ; and 
place the bases SB, OD, in the same plane, so that OL, LB, 
be in a straight line ; and let the angles SLB, OLD, be 
imequal ; the sohd SE is also in this case equal to the solid 
CF. Produce DL, TS, until they meet in A, and from B 
draw BH parallel to DA ; and let HB, OD, produced, meet 
in Q, and complete the soHds AE, LR ; therefore the solid 
AE, of which the base is the parallelogram LE, and AK 
the plane opposite to it, is equal (11, 7) to the solid SE, of 
which the base is LE, and SX the plane o^j^osite \ £qkl <k«^ 
are upon the same base LE, and o£ tti<fc ^Mccife ^5ia^»^^«»^5S!i^ 



26 



ELEMENTS OF SOLID GEOMETRY. 



their insisting straiglit lines, namely, LA, LS, BH, BT, 
.MG, MU, EK, ex, are in the same straight Hnes AT, 
GX ; and because the parallelogram AB is equal to SB, for 
thej are upon the same base LB, and between the same 
parallels LB, AT ; and because the base SB is equal to the 
base CD ; therefore the base AB is equal to the base CD; 
hut the angle ALB is equal to the angle OLD ; therefore^ 
by the first case, the sohd AE is equal to the solid OF ; but 
the solid AE is equal to the solid SE, as was demonstrated; 
therefore the solid SE is equ^ to the sohd CF. 

Ccue 2. If the insisting straight lines AG, HK, BE, LM, 
.CN, B8, DF, OP, be not at right angles to the bases AB, 
CD ; in this case likewise the solid AE is equal to the sohd 
CF. Because soHd parallelopipeds on the same base, and 
of the same altitude, are 
equal (II. 8), if two 
ftolid parallelopipeds be 
constituted on the based 
AB and CD of the same 
altitude with the solids 
AE and CF, and with 
their insisting lines perpendicular to iheir bases, they wOl 
be equal to me solids AE and CF ; and, by the first case of 
ibis proposition, they will be equal to one another ; where- 
ibre, the solids AE and CF are also equal. 

PROPOSITION X. THEOREM. 
Solid parallelopipeds which have the same altitude, are to 
one another as then: bases. 

Let AB, CD, be solid parallelopipeds of the same alti- 
tude ; they are to one another as their bases ; that is, as the 
We AE to the base CF, so is the solid AB to the solid CD. 

To the straight line FG apply the parallelogram FH equal 
(PL Ge. L 45, Cor.) 
to AE, so that the 
angle FGH be equal 
to the an^ LCG ; 
snd complete the 
Mo^d jparallelopiped^ 
CfJSiajHm the tme FH^ one of "wkoa^ inaiating lines is FD» 
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whereby the solids CD, GK, must be of the same altitude; 
tiherefore the solid AB is equal (II. 9) to the solid GK, 
because they are upon equal bases AE, FH, and are of the 
same altitude ; and because the solid parallelopiped OK a 
cut by the plane DG, which is parallel to its opposite planes, 
the base HF is (11. 5) to the base FG, as the solid HD to 
the solid DC. But the base HF is equal to the base AE^ 
and the solid GK to the solid AB ; therefore, as the base 
AE to the base CF, so is the solid AB to the solid CD. 
Cob. 1. — ^From this it is manifest that prisms upon tri- 
angular bases, of the same altitude, are to one another 
as their bases. Let the prisms BNM, DPG, the bases 
of which are the triangles AEM, CFQ^ have the same 
altitude; complete the parallelograms AE, CF, and 
the solid parallelopipeds AB, CD, in the fiist of which 
let AN, and in the other let CP, be one of the insisting 
lines. And because the solid parallelopipeds AB, CD, 
haye the same altitude, they are to one another as the 
base AE is to the base CF; wherefore the prisms^ 
which are their halves (U. 6) are to one anodier, ai 
the base AE to the base CF ; that is, as the tdan^ 
AEM to the triangle CFG. 
Cob. 2. — Also a prism and a parallelopiped, which hasft 
the same altitude, are to one another as their bases ; 
that is, the prism BNM is to the parallelopiped CD as 
the triangle AEM to the parallelogram DGf. For, by 
the last Cor., the prism BNM is to the prism DPG as 
the triangle AME to the triangle CGF, and therefore 
the prism BNM is to twice the prism DPG as the 
triangle AME to twice the triangle CGF (PL Ge. V. 4) ; 
that IS, the prism BNM is to the parallelopiped CD as 
the triangle AME to the parallelogram LG. 

PBOPOSmON XL THEOREM. 
Solid parallelopipeds are to one another in the ratio that 
is compounded of the ratios of their bases, and of their al- 
titudes. 

Let AF and GO be two solid parallelopipeds, of which 
the bases are the parallelograms AC and GK^ ai^ th^^ «&^ 
todes, the peipendicolars Jet &U on. ih.^ i^Aask!^ ^i\!!c^K^^\M!i^ 
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from, any point in the opposite planes EF and MO; the 
solid AF is to the soHd GO in a ratio compoimded of the 
satios of the base AC to the base GK, and of the perpen-' 
dicular on AC to the perpendicular on GK. 

Ccue 1. When the insisting lines are perpendicular to the 
bases AC and GK, or when the solids are upright. 

In GM, one of the insisting lines of the solid- GO, take 
GQ equal to A£, one of -the insisting lines of the solid AF, 
and through Q let a plane 
pass parallel to the plane 
GK, meeting the other in- 
sisting lines of the solid GO 
in the points B, S, and T. 
It is evident that GS is a 
solid parallelopiped (II. 4), 
and that it has the same 
dtitude with AF, namelj, 
GQ or AE. Now, the solid AF is to the solid GO in a 
latio compounded of the ratios of the solid AF to the soUd 
GS (PI. Ge. V. Def. 17), and of the soHd GS to the soUd 
GO ; but the ratio of the sohd AF to the solid GS, is the 
same with that of the base AC to the base GK (II. 10), 
because their altitudes AE and GQ are equal; and the 
ratio of the solid G^ to the sohd GO, is the same with that 
of GQ to GM, for they are as their bases GT, GP (II. 5), 
lYhich are as GQ to GM; therefore, the ratio which is 
compounded of the ratios of the sohd AF to the solid GS, 
and of the solid GS to the soUd GO, is the same with the 
tatio which is compounded of the ratios of the base AC to 
the base GK, and of the altitude AE to the altitude GM 
(PI. Ge. Y. e). But the ratio of the solid AF to the s#Hd 
GO is that which is compounded of the ratios of AF to GS, 
and of GS to GO ; therefore, the ratio of the solid AF to 
the solid GO is compounded of the ratios of the base AG to 
the base GK, and of the altitude AE to the altitude GM«.i 
Case 2. When the insisting lines are not perpenditulel: 
ts the bases. t 

: Let the parallelograms AC and GK be the bases as b^ 
jkre^ and let AE and GM be the altitudes of two paa^Uekr 
#g?^ Y and Zqu |hese liassG. "£1^^ S£ tisift u^ri^ 
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paiallelopipeds AF and GO be constituted on the bases AG 

and GK, with the altitudes AE and GM, they will be equal 

to the parallelopipeds Y and Z (II. 9). Now, the solids 

AF and GO, by the first case, are in the ratio compounded 

of the ra^bs of the bases AC and GK, and of the altitudes 

AE and GM ; therefore, also, the solids Y and Z haye to 

one another a ratio that is compounded of these same ratios. 

Cor. 1. — Hence, two straight lines may be found haying 

the same ratio with the two parallelopipeds AF and 

GO. To AB, one of the sides of the parallelogram 

AC, apply the parallelogram BY equal to GK, haying 

an angle equal to the angle BAD (PI. Ge. 1. 44) ; and 

as AE to GM, so let AY be to AX (PL Ge. YI. 12), 

then AD is to AX as the solid AF to the solid €rO* 

For the ratio of AD to AX is compounded of the 

ratios (PL Ge. Y. Def. 17) of AD to AY, and of AY 

to AX ; but the ratio of AD to AY is the same with 

that of the parallelogram AC to the parallelogram BY 

or GK ; and the ratio of AY to AX is the same with 

that of AE to GM ; therefore, the ratio of AD to AX 

is compounded of the ratios of AC to GK, and of AB 

to GM (PL Ge. Y. e). But the ratio of the solid AF 

to the solid GO is compounded of the same ratios ; 

therefore, as AD to AX, so is the solid AF to the 

•oHdGO. 

Cob. 2.'— Hence all prisms are to one another in the 

ratio compounded of the ratios of their bases, and of 

their altitudes. For eyery prism is equal to a para)* 

lelopiped of the same altitude with it, and of an equal 

}mt (II. 10, Cor. 2). 

Cob. 3. — ^The right rectangular parallelopipeds contained 

by the corresponding lines of three analogies, are pro* 

p<»rti(»iaL 

Let A:B = C:D, E:F = G:H, and I:K=L:M, 

be three analogies, the terms of which are lines, then A * E * I : 

B-FK = CGL:DHM. 

For let P, Q, R, and S, denote these parallelopipeds ; I, K, 
Is, and M, their respectiye altitudes ; and consequently the 
nctandes AE, BF, CG, andD *H^tkek\As^. TViiSiL 

(Pt Ge.YJ.^, Car, 1) A •E:B¥=^OQi\\>-^-^«^»*^ 

c 
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(II.ll)P:Q = (AE:BF,I:K),aiidE:S=(CG: 
l> * H, L : M) ; and the two component ratios of P : Q are 
equal respectiyely to those of It : S,* therefore (PL Qe. V. e.) 
P:Q = R:S. 

CoR. 4. — ^A right rectangolar parallelopiped is equal t« 
the cube described on any unit of measure, multiplied 
bj the product of the numbers denoting the number €i 
times that it is contained in any three contiguous edges 
of the parallelopiped, or its length, breadth, and height. 
Let A, B, and C, be the three sides ; and a, 5, and c, the 
three numbers, whether terminate or inteiminate, ihat de- 
note the number of times that a line M, taken as the unit 
of measure, is contained in these sides respectivehr ; then, 
considering C and M as the respective altitudes of the paral- 
lelopiped A * B ' C and tibe cube M^, and A * B and M^ as 
their bases (H. 11), A • B-€ : Ms = (A • B : M^ C : M). 
But (PL Ge. Qu. 10, and Ad. V. 7) (A • B : M^, C : M) = 
(ah : 1, c : 1) = abc : 1 (PL Ge. Ad. V. 26). Therefore 
A • B • C : MS = a5c : 1, or A- B -C = a^ M». 

PROPOSITION XII. THEOtREM. 
Solid paraillelopipeds which have their bases and altitudes 
reciprocsdly proportional, are equal; and parallelopipeds 
which are equal, have their bases and altitudes reciprocallj 
proportional. 

Let AG and KQ be two solid parallelopipeds, of wMch 
the bases are AC and KM, and the altitudes AE and KO, 
and let AC be to KM as KO to AE, the solids AG and 
KQ are equaL 

As the base AC to the base KM, so let the straight line 
KO be to the strai^ line S. Then, since AC is ^o KM 
as KO to fi, and also by hypo- 
thesis, AC to KM as KO to AE, 
KO has ihe same ratio to 6 that 
it has to AE (PL Ge. V. 11) ; » 
wherefore AE is equal to S. But 
{he solid AG is to the solid KQ 
in the ratio compounded of the 
JS^OB ofAE io KG, and of AC to KM (IL 11), libat is, a 




«£CO^D BOOK. 



31 



KO to S. And the ratio of AE to S is also compounded 
of the same ratios (PL Ge. V. Def. 17) ; therefore, the solid 
AG has to the solid KQ the same ratio that AE has to S. 
But AE was proved to be equal to S, therefore AG is equal 
toKQ. 

Again, if the solids AG and KQ be equal, the base AC 
IB to the base KM as the altitude KO to the altitude AE. 
Take S, so that AC may be to KM as KO to S, and it will 
be shown, as was done above, that the solid AG is to the 
solid KQ as AE to S. Now, the sohd AG is, by hypothesis, 
equal to the solid KQ ; therefore, AE is equal to S ; but, 
hy construction, AC is to KM as KO is to S ; therefore, 
AG is to KM as KO to AE. 

Cob. — In the same manner, may it be demonstrated that 

equal prisms have their bases and altitudes reciprocally 

proportional, and conversely. 

PROPOSITION XIII. THEOREM. 
Similar solid parallelopipeds are to one another in the tri- 
plicate ratio of their homologous sides. 

Let AG, KQ, be two similar parallelopipeds, of which 
A'R and KL are two homologous sides ; the ratio of the 
solid AG to the solid KQ is triplicate of the ratio of AB 
toKL. 

Because the solids are similar, the parallelograms AF, KP, 
are similar (II. Def. 8), as also the parallelograms AH, KB ; 
therefore, the ratios of 
ABtoKL,ofAEtoKO, 
and of AD to KN, are all 
equal(Pl.Ge.VLDef.9). 
But the ratio of the 'SoHd 
AG to the soHd KQ is 
compounded of the ratios 
of AC to KM, and of AE to KO. Now, the rafio of AC 
to KM, because they are equiangular parallelograms, is 
compounded (PL Ge. YI. 23) of the ratios of AB to KL, 
and of AD to KN. Wherefore, the ratio of AG to KQ is 
compounded of the three ratios of AB to KL, AD to KN, 
md AE to KO ; «nd these three ladoft 1q3K^% ^^'?s&^\i<5W!i. 
prcfred to be equal j therefoie, tlieia\is>i3EflAi&^cjB^ 
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of them, namely, the ratio of the solid AG to the solid KQ, 
is triplicate of any of them (PL Ge. V. Def. 19) ; it id 
therefore triplicate of the ratio of AB to KL. 

Cob. 1. — K as AB to KL, so KL to w, and as KL to «w, 
so is m to w, then AB is to n as the solid AG to the 
solid KQ, For the ratio of AB to n is triplicate of the 
ratio of AB to KL, and is therefore equal to that of 
the soHd AGTto the solid KQ. 
'GoR. 2.— As cuhes are similar solids, therefore the cube 
on AB is to the cube on KL in the tripHcate ratio of 
AB to KL, that is, in the same ratio with the solid AG 
to the solid KQ. Similar soHd parallelopipeds are 
therefore to one another as the cubes on their homolo- 
gous sides. 
CoR. 3. — ^Li the same manner, it is proved that similar 
prisms are to one another in the tnplicate ratio, or in 
the ratio of the cubes, of their homologous sides. 

PROPOSITION XIV. THEOREM. 
If two triangular p3rramids which have equal bases and 
altitudes be cut by pkmes that are parallel to the bases, and 
at equal distances from them, the sections are equal to one 
another. 

Let ABCD and EFGH be two pyramids, having equal 
bases BDC and FGH, and equal altitudes, namely, the per- 
pendiculars AQ and £S drawn from A and E upon the 
planes BDC and FGH; 
and let them be cut by 
planes parallel to BDC and 
FGH, and at equal altitudes 
QR and ST above those 
planes, and let the sections 
be the triangles KLM, 
NOP; KLM and NOP 
are equal to one another. 

Because the plane ABD ^ 
cuts the parallel planes BDC, KLM, the common sections 
BD and KM are parallel (1. 14). For the same reason, 
X>C and ML are parallel. Since therefore KM and ML 
^re parallel to BD and DC, each to eacb, t\kow^TL<c>\.*m>sJwfe 
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same plane with them, the angle KML is equal to the angle 
BDC (I. 9). In like manner, the other angles of these 
triangles are proved to he equal ; therefore the triangles are 
equiai^ular, and consequently similar; and the same is 
true of the triangles NOP, FGH. 

Now, since the straight lines ARQ, AKB, meet the pa- 
rallel planes BDC and KML, they are cut by them propor- 
tionaUy (1. 16), or QR : RA=BK : KJl ; and AQ : AR = 
AB : AK (PL Ge. V. 18), for the same reason, ES : ET=: 
EF : EN ; therefore AB : AK = EF : EN, because AQ is 
equal to ES, and AR to ET. Again, because the triangles 
AjBC) AKL, are similar, 

AB : AK = BC : KL ; and for the same reason, 
EF : EN = FG : NO ; therefore 
BC : KL = FG : NO. And, when four straight lines 
are proportionals, the similar figures described on them are 
also proportionals (PL Ge. VI. 22) ; therefore the triangle 
BCD is to the triangle KLM as the triangle FGH to the 
triangle NOP ; but the triangles BDC, FGH, are equal ; 
therrfore the triangle KLM is also equal to the triangle 
NOP (PL Ge. V. 14). 

CoR. 1. — ^Because it has been shown that the triangle 
KLM is similar to the base BCD, therefore, any sec- 
tion of a triangular pyramid parallel to the base, is a 
triangle similar to the base. And in the same manner, 
it is shown that the sections parallel to the base of a 
polygonal pyramid are similar to the base. 
Cor. 2. — Hence also, the sections parallel to the bases of 
two polygonal pyramids, and at equal distances from 
the bases, are equal to one another. 

PROPOSITION XV. THEOREM. 
A series of prisms of the same altitude may be circum- 
scribed about any pyramid, such that the sum of the prisma 
shall exceed the pyramid by a solid less than any given 
solid. 

Let ABCD be a pyramid, and Z* a given soHd ; a series 
of prisms having all the same altitude, may be circumscribed 

* The solid Z is not represented in the ftgvnte oi V\»a ^t ^^ i^css^^i^ 
propositiQn, . 
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about tbe pyrwnid ABCD, so that thek sum skall fixceeii 
ABCD by a solid lew tlian Z. 

Let Z be equal to a primi standkig on the same base witb 
the pyramid, uamelv, the triangle BCD,, and haTuig foi Da 
altitude the peirondicular drawn from 
a certain point £ in the line AC upoa 
the plane BCD. It ia eyident that 
GE, multiplied by a certain number 
tn, will be greater thui AC; divide 
CA into as many equal parts as there 
are units in m, and let these be CF, 
FO, GH, HA, each of which wiU be ^ 
less than CE. Through each of the' 
points F, O, H, let pl^es be made to ^ 
pass parcel to the plane BCD, Diak- 
mg with the sides of the pyramid the 
section FPQ, GES, HTU, which wiU 
be all Bimilar to one another, and to the base BCD 
(II, 14, Cor. 1). From the point B draw in the plans 
of the triai^le ABC the straight line BK parallel to CF, 
meeting FP produced in K. In like manner, from D draw 
DL parallel to CF, meeting FQ in L. Join Kh, and it is 
plain that the solid KBCDLF is a prism (II. Def. 4). By 
the some oonstmclion, let (he prisms PM, RO, TV, be de- 
scribed. Also, let the straight line IP, which is in the 
Elane of the triangle ABC, fo produced till it meet BC in 
; and let MQ be produced till it meet DC in a. Join 
hg; then hCgQFP is a prism, and is equal to the prism 
PM (II, 10, Cor. 1). In the same manner is described the 
prism mS equal to the prism RO, and the prism qU equal 
to the prism TV. The sum, therefore, of all the inscribed 
prisms hQ, mS, and qU, is equal to the sum of the prisms 
PM, RO, and TV, that is, to the sum of all the cwcum- 
acribed prisms except the prism BL ; wherefore, BL is the 
excess of the prisms circumscribed about the pyramid 
ABCD above the prisma inscribed within it. But the prism 
BL is less than the prism which has the triangle BCD for 
its base, and for its altitude the pcrpendicidar from E upon 
tie plane BCD ; and the prism which has BCD for its 
ibase, and tbe perpendicular from "E. fot is.a ^A^it^lA», ia bj 
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bypoliiesur equal to the giTen solid Z ; therefore, the excess 
€f£ the circumscribed) above the inscribed prisms, is less than 
tilie giyen solid Z. But the excess^ of the circmnscribed 
prisms above the inscribed, is greater than their excess above 
the pyramid ABCD, because ABCD i» greater than the 
sum of the inscribed priisms. Much more, therefore, is liie 
excess of the circumscribed prisms above the pyramid, less 
than the solid Z. A series of prisms, of the same altitude 
has therefore been circumscribed about the pyramid ABCD 
exceeding^it by a sohd less than the given solid Z. 

PEOPOSITION XVL THEOREM. 

Pyiaoaids that have equal bases and altitudes are equal 
to one another. 

Let ABCD, EFGH, be two pyiamids that have equal 
bases BCD, FGH, and also equal altitudes, namely, the 
perpendiculars drawn fcom. the vertices^ A and E upon the 
planes BCD, FGH. The pyramid ABCD is equal to the 
pyramid EFGH. 

If they are hot equal, let the pyramid EFGH exceed the 
pjrramid ABCD by the solid Z. Then, a series of prisms 
d the same altitude may be described about the pyramid 
ABCD that shall ex- 
ceed it, by a solid less 
than Z (H. 15) ; let 
diese be the prisms 
that have for their 
bases the triangles 
BCD, NQL, ORI, 
PSM. Divide EH 
into the same num- 
ber of equal parts 

into which AD is 

divided, namely, HT, TU, U V, VE, and through the pomts 
T, U, and V, let the sections TZW, UHX, V*Y, be made 
parallel to the base FGH. The section NQXi is equal to 
the section WZT (H. 14) ; as also ORI to XhU, and PSM 
to YOV ; and therefore, also, the prisms that stand upon 
the equal sections are equal (II. 10, Cor. 1\ tK^t, \^^ ^<b 
prism which stands on the base BOD, aal^^\^<^^&^i'^'^^^^ 
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the planes BCD and NQL, is equal to the prism wUch 
stands on the base FGH, and which is between the planes 
FGH and WZT ; and so of the rest, because they haTe fh« 
game altitude ; wherefore, the sum of all the prisms de- 
scribed about the pyramid ABCD is equal to the snm of all 
those described about the pyramid EFOH. But the excess 
of the prisms described about the pyramid ABCD above 
the pyramid ABCD, is less than Z ; and therefore the excess 
of the pHsma described about the pyramid EFOH above 
the pyramid ABCD, is also less than Z. But the excess of 
the pyramid EFGH aboTe the pyramid ABCD, is equal to 
Z, by hypothesis ; therefore, the pyramid EFGH exceeds 
the pyramid ABCD, more than the prisma described about 
EFGII exceed the same pyramid ABCD. The pyramid 
FFOH is therefore greater than the sum of the prisms de- 
scribed about it, which is impossible. The pyramids ABCD, 
EFGH, therefore, are not unequal, that is, they are equal 
to one another. 

PROPOSITION XVII. THEOBEM, 

Every prism having a triangular base may he divided 
into three pyramids that have tnangular bnaes, and that aie 
equal t« one another. 

Let there be a prism of which the base is the triangle 
ABC, and let DEF be the triangle opposite to the bi«e. 
The prism ABCDEF may he divided into three equal pyra- 
mids having triangiUar bases. 

Jom AE, EC, CD ; and because ABED is a parallelo- 
gram, of which AE is the diameter, the tri- 
angle ADE is equal (PI. Ge. I. 34) to the 
triangle ABE; therefore the pyramid of d 
which the base is the triangle ADE, and 
vertex the point C, is equal (II. 16) to the 
pyramid, of which the base is the triangle 
ABE, and vertex the pomt C, But the 
pyramid of which the base is the triangle 
ABE, and vertex the point C, that is, die 
fiyramid ABCE is equal to the pyramid . 
i*EFC, for they have equal bases, namely, the triangles 
ABC, DFE, and the same altituAe, ■uaiaA'j, VW altitude of 
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the prism ABODEF. Therefore the three pyramids ADEC, 
ABEC, DFEC, are equal to one another. But the pjra* 
xnids ADEO9 ABEC, DFEC, make up the whole prism 
ABODEF ; therefore the prism ABCDEF is divided into 
three equal pyramids. 

Cor. 1. — ^From this it is manifest that every pyramid is 
the third part of a prism which has the same hase, and 
the same altitude with it ; for if the hase of the prism 
be any other figure than a triangle, it may be divided 
into prisms having triangular bases. 
Cor. 2. — ^Pyramids of equal altitudes are to one another 
as their bases; because the prisms upon the same 
bases, and of the same altitude, are (II. 10, Cor. 1) to 
one another as their bases. 

PROPOSITION XVIII. THEOREM. 
If from any point in the circumference of the base of a 
cylinder a straight line be drawn perpendicular to the plane 
of the base, it wiU be wholly in the cylindric superficies. 

Let ABCD be a cylinder, of which the base is the circle 
AEB, DFC the circle opposite to the base, and GH the 
axis ; from E, any point in the circumference AEB, let EP 
be drawn perpendicular to the plane of the circle AEB ; the 
straight line EF is in the superficies of the cylinder. 

Let F be the point in which EF meets the plane DFC 
opposite to the base ; join EG and FH ; and let AGHD 
be the rectangle (II. Def. 13), by the revo- 
lution of which the cylinder ABCD is de- 
scribed. 

Now, because GH is at right angles to 
GA, the straight line which by its revolu- 
tion describes the circle AEB, it is at right 
angles to all the straight lines in the plane 
of that circle whicb meet it in G, and it is 
therefore at right angles to the plane of the 
circle AEB. But EF is at right angles to 
the same plane ; therefore EF and GH are parallel (I. 6), 
and in the same plane. And since the plane through GH 
and EF cuts the parallel planes AEB, DEC, in the straight 
lines EG and FHy EG is parattd to ^^ ^A^. '^^ 
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fignra iEGHF ia tlmefine a paiallelogiami. and. it liM the 
angle EGH a right angle ; th«a%ibi« it is a cectan^e, and k 
equal to the rectangle AH, because EG ia equal to AG* 
lierefore, when in the cevoliitioii of the rectangle AH, the 
Btraight line AG coincides with EG, ths two rectangjles A H 
and KU will coincide, and &e atraight line AD will coincide 
vidi the straight line £F. But AD ia always in the euper- 
ficies of the cjliader, for it describes that eoperficies ; tiiere- 
fbre EF is also in the superficies of the cylinder. 

PROPOSITION XIX. THEOREM. 

A cylinder and a patallelopiped having equal bases and 
altitudes are equal to one another. 

Let ABCD he a cylinder, and EF a parallelopiped haying 
equal bases, namely, the circle AGB and the paralleloCTam 
EH, and having abo equal altitudes ; the cylinder ABCD 
ia equal to the parallelopiped EF. 

If not, let them he onequal ; and first, let the cylinder Be 
leas than the parallelopiped EF ; and from the par^lelopiped 
EF let there be cut off a 
part EQ by a plane PQ "i^"^!^ 
BflraUel to NF. eaual to tV^-t-^t 
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parallel to NF, equal 
the cyUndet ABCD. In 
the circle AGB inscribe 
the polygon AGKBLM 
that shall diSer from the 
circle by a space less than 
the pariJIelogram PH, and 
cut off from the pardlelo- 
gram EH, a part OR equal to the polygon AGKBLM, The 
point R will fall between F and N. On the polygon 
AGKBLM let an upright prism AGBCD be constituted of 
the same altitude with the cylinder, which will therefore bo 
less than the cylinder, because it is within it ; and if 
through the point B a plane RS parallel to NF be made 
to pass, it will cut off the paraEelopiped ES equal to the 
prism AGBC, because ita base is equal to that of the prism, 
and its altitude ia the same. But the prism AGBC is lesa 
tlian the cylinder ABCD, and the cylinder ABCD is equal 
* ide pamllelopiped EQ, by hypjOifiaia ■, theiefciiK, ES ia 
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lass than EQ, and b is- alao greater, wbicli ia imposeible. 
The cylinder ABCD, tterefbre, ie not leas than the paralHo- 
piped £F ; and in ^e Bams masner it may be shown not 
to be greater than EE. 
• 
PBOPOSITION XX. THEOKEM. 
If a cone and a cylinder hare the same base and the same 
altitude, the cone ia the third part of the cylinder. 

Let the cone ABCD, and the cylinder BFKG, have the 
same base, namely, the circle BCD, and the same altitude, 
namely, the perpendicular from the point A upon the plane 
BCD, the cone ABCD is the third part of the cyhnder 

If not, let the cone ABCD he the third part of another 
ejtlinder LALN'O, having the aame altitude with the cylindec 
SFKG, but let the bases — 

BCD-aadUMbennequal; '^ 
aid fint, let BCD be gi^r 
titan UM- 

Then, becanse the ciicle 
BCD is greater than the 
drcle LIM, a polygon may 
be inscribed in BCD, that 
shall differ from, it less than 
LIM doea (PI. Qe. Quad. 6), 
and which, therefore, will he greater tlin. 
be the polygon BECFD ; and upon BECFD let there be con- 
Bdtnted the pyramid ABECFD, and the prism BCFKHO. 

Becanse the polygon BECFD is greater than the circle 
LIM, the prism BCFKKG is greater than the cylinder 
LMNO, for they have the same ^titude, hut the prism has 
Hit greater base. Bat the pyramid ABECFD is the third 
part of the prism (II. 17) BCFKHG ; therefore it is greats 
than the third part of the cylinder LMNO. Now, the cone 
ABECFD is, by hypothesis, the third part of the cylinder 
LMNO ; therefore, the pyramid ABECFD is greater than 
the cone ABCD, and it is also less, becanse it is inscribed 
in the cone, which is impossible ; therefore the cone ABGO 
ia not less than the Uiiid part of tkfi cv%^&er%£%i^- bi^s^ 
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itt the same manner, by circumscribing a polygon about t&e 
circle BCD, it may be shown that the cone ABCD is not 
greater than the third part of the cylinder BFKG ; there- 
fore it is equal to the third part of that cylinder. 

PROPOSITION XXI. THEOREM. 

If a hemisphere and a cone have equal bases and alti- 
tudes, a series of cylinders may be inscribed in the hemi- 
sphere, and another series may be described about the cone, 
haying all the same altitudes with one another, and such 
that their sum shall differ from the sum of the hemisphere, 
and the cone by a soKd less than any given sohd. 

Let ADB be a semicircle, of which the centre is C, and 
let CD be at right angles to AB ; let DB and DA be 
squares described on DC, draw DE, and let the figure thus 
constructed revolve about DC ; then the sector BCD, which 
is the half of the semicircle ADB, will describe a hemisphere 
having C for its centre (II. Def. 10), and the triangle CDB 
will describe a cone, having its vertex at C, and having for 
its base the circle (II. Def. 12) described by DE, eqiml to 
that described by BC, which is the base of the hemisphere. 
Let W be any given sohd. A series of cylinders may be 
inscribed in the henoisphere ADB, and another described 
about the cone ECL, so that their sum shall differ from the 
sum of the hemisphere and the cone, by a sohd less than the 
solid W. 

Upon the base of the hemisphere let a cylinder be consti- 
tuted equal to W, and let its altitude be CX. Divide CD 

into such a number of ^ ^ ^ 

equal parts, that each 
of them shall be less 
than CX ; let these 
be CH, HG, GF, and 
FD. Through the 
points F, G, H, draw 
FN, GO, HP, parallel _ 
to CB, meeting the circle in the points K, L, and M ; and 
the straight hne CE in the points Q, R, and S. From the 
Jfomts K, L, My draw Kf, Lg, Wsa^ T^exi^eiv^^svi^ax \.q OO^ 
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HP, and CB ; and from Q, R, and S, draw Qq, Rr, Ss, 
perpendicular to the same lines. It is evident that the figure 
being thus constructed, if the whole reyolve ahout CD, the 
rectangles F^ Gg, Hh, "will describe cylinders (II. Def. 13) 
that Will be circumscribed by the hemisphere BDA ; and 
that the rectangles DN, Fq, Gr, Hs, will also describe cy- 
linders that will circumscribe the cone ICE. Now, it may 
be demonstrated, as was done of the prisms inscribed in a 
pyramid (II. 15), that the sum of all the cylinders described 
within the hemisphere, is exceeded by the hemisphere by a 
solid less than the cylinder gmerated by the rectangle HB, 
that is, by a solid less than W, for the cylinder generated 
by HB is less than W, In the same manner, it may be 
demonstrated that the sum of the cylinders circumscribing 
the cone ICE is greater than the cone by a solid less than 
the cylinder generated by the rectangle DN, that is, by a 
soHd less than W. Therefore, since the sum of the cyfin- 
den inscribed in the hemisphere, together with a solid less 
than W, is equal to the hemisphere ; and since the sum of 
the cylinders described about the cone is equal to the cone 
toge&er with a solid less than W ; adding equals to equals, 
the sum of aU these cylinders, together with a solid less 
than W, is equal to the sum of the hemisphere and the cone 
together with a solid less than W. Therefore, the difference 
between the whole of the cylinders and the sum of the he- 
misphere and the cone, is equal to the difference of two 
solids, which are each of them less than W ; but this differ- 
ence must also be less than W ; therefore the difference be- 
tween the two series of cylinders, and the sum of the 
hemisphere and cone, is less than the given solid W. 

Or thus : let I = the sum of the interior cylinders withifl 
the hemisphere ; E = the sum of the exterior without the 
cone ; and Y and Z two solids each less than W. Then 
I + Y =: H, and E = C + Z ; therefore, adding equals to 
equals, I + E+Y = H + C + Z. Hence the difference 
between (I + E) and (H + CJ) is equal to that between Z 
and Y ; but as these two solids are each less than W, their 
difference is still less than W ; and hence also the difference 
between (I + E) and (H + C) is less than W. 
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PROPOSITION XXn. THEOREM. 

The same things heing sttpposed as in the last proposi- 
tion, the sum of sSL the cylinders inscribed in the hemi^liexe, 
and described about the cone, is equal to a cyUnder, ha^ii]^ 
the same base and altitude ivith the hemispiiere. 

Let the figure DCB be constructed as before, and sup- 
posed to revolve about CD ; the cylinders inscribed in Ihe 
hemisphere, that is, the cylinders described by the revolu- 
tion of the rectangles Hh, Gg, Ff, together with those de- 
scribed about the cone, that is, the cylinders described Ijy 
the revolution of the rectangles Hs, Gr, Fq, and DN, are 
equal to the cylinder described by the revolution of the 
rectangle DB. 

Let L be the point in which GO meets "the circle ADB; 
ihen, 'because CGL is a right angle if CL» be joined, Ihe 
circles described with the distances CG and GL are equal 
to the circle described with the distance CL (PL Ge. Quad. 8, 
Cor. 2) or GO ; now CG is equal to GR, because CD is 
equal to DE, and therefore also, the circles described wi£h 
the distances GB and GL are together equal to the drde 
described with the distance GO, that is, the circles described 
by the revolution of GR and GL about the point G, are to- 
gether equal to the circle described by the revolution of GO 
about the same point G; therefore also, the cylinders that 
stand upon the two first of these circles having the common 
altitude GH, are equal to the cylinder which stands on the 
remaining circle, and which has the same altitude GH. The 
cylinders described by the revolution of the rectangles Gg 
and Gr are therefore equal to the cylinder described by the 
rectangle GP. And as the same may be shown of aU the 
rest, therefore the cylinders described by the rectangles Hh, 
Gg, Ff, and by the rectangles Hs, Gr, Fq, DN, are together 
equal to the cylinder described by DB, that is, to the cylin- 
der having the same base and altitude with the hemispnere. 

PROPOSITIOIT XXm. THBOIfcEM. 
Every sphere is two thirds of the circumscribing cylinder. 

Zet the Bguxe be constructed as m t\ie ty? o \a&\. ^xo^si- 
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tions, and if £he hemisphere described by BDC be not equal 
to two thirds of the x 
cylinder described by 
BD, let it be greater 
by the solid W. Then, 
as the cone described 
by ODE is one third 
ofthe cylinder (IL 20) 
described by BD, the 

0(Bie and the hemis- a. c « "ha 

phere together will exceed the cylinder by W. But Aak 
cylinder is equal to the sum of dlthe cylinders described iiy 
«ie rectangles Hh, Gg, Ff, Hs, Gr, Fq, DN (II. 22) ; 
therefore the hemisphere .and the cone added toge&er ex- 
ceed the sum of all these cylinders by the given solid W ; 
which is absurd, for it has been shown that the hemisphere 
and the «one together differ from the sum of the cylinders 
by a solid less than W. The hemisphere is therefore equal 
to two thirds of the cylinder described by the rectangle BD ; 
and therefore the whole sphere is equal to two thirds of the 
cylinder described by twice the rectemgle BD, that is, to two 
fferds of the circumscribing cylinder. 
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DEFINlTIONa 

1. A sphere is a solid conceived to be generated by the 
revolution of a semicircle about its diameter. 

2. The centre of the semicircle is equally distant £rom 
every point on the surface of the sphere, and is therefore 
ciaEled the centre of the sphere. 

8. tDircles cff 'the sphere, w^ose planes pass through the 
centre, are called ^r^o^ drcles, and all others 9m^/ circles. 

4. A straight Ime, drawn throu^ the centre of any circle 
(tf the sphere, perpendicular to its plane, and limited on both 
ndes, by the surface of the isphere, is called ^^ oxU ^^'Cs^si!^ 
mcle. 
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5. The poles of a circle of tlie sphere are the extremities 
of its axis. 

G. By the distance of two points on the surface of the 
sphere is meant an arc of. a great circle intercepted between 
them. I 

7. A spherical angle is that formed on the 8ux£bk» of tU 
sphere hy arcs of two great circles meeting at the angu^ 
point, and is measured by the inclination of the planes of 
the circles. 

8. A spherical triangle is a figure formed on the surface 
of the sphere by arcs of three great cirdes, called its sidet^ 
each of which is less than a semicircle. 

9. A quadrantal triangle is that of which one of the si46S 
is a qua<]rant. 

10. A lunary surface is a part of the surfiice of the sphere, 
contained by the halyes of two great circles. 

11. A segment of a sphere is a part cut off by a plane. 

PROPOSITION I. 
Erery section of a sphere is a circle. 

Let a plane cut the sphere AGH in any direction. If it 
pass through the centre, the section is evidently a cirde* 
but if it do not pass through the cen- 
tre, let ABCD be the section, and 
from E, the centre of the sphere, let a^ 
EF be drawn perpendicular to its 
plane ; also, let FA, FB, FC, be drawn 
m the plane, to meet the surface of the 
sphere. Then EA, EB, EC, being 
joined, the risht-angled triangles EAF) 
JEBF, EOF, have equal hypothenuses, \^ y^ I 

EA, EB, EC, because they are radii x ..^1 

of the sphere, and one siae EF common to all. Now (PI. 
Ge. I. 47) EP + FB2 = EB^ = EC« = EP +FC«,and 
taking away the conmion part EF*, there remains FB* = FH-J*, 
orFB = FC. It is similarly proved that FB = FA. Con- 
sequently ABCD is a circle, whose centre is F. 

CoR. 1.— Any two great circles cut one another in at 
diameter of the sphere, and therefore mutually ~ 
each other. 
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Cob. 3.— Only one great circle can pass throngli the same 

two points, in the surface of the sphere, that are not 

diametrically opposite. 

For the plane (^ the great circle must pass through these 

two points and through the centre of the sphere (Sp. Oe. 

Def. 3), and onljone plane can do so (So. Ge. I. 2, Cor. 2). 

CoR. 3.— Any two sides of a spherical triangle being pro- 
duced, intersect again at the distance of a semicircle. 

Cob. 4. — ^The two poles of any circle, its centre, and the 
centre of the sphere, are always in the same straight 
line, and that straight line is perpendicular to the plana 
of the circle. 

Cob. 5. — ^And, therefore, if a line or plane be perpendicur 
Jar to a circle of the sphere, and pass through one of 
these points, it will pass through the other three. Or» 
if it pass through two of them, it will be perpendicular 
to ihe drcle, and also pass through the remaining two. 

Cob. 6. — ^Hence, two great circles, whose planes are per- 
pendicular, pass through each other s poles ; and cdn- 
versely. 

Cob. 7«— *And, if one great circle pass through a pole of 
another, the latter will pass through the poles of the 
former. ^ 

4 

Cob. 8. — ^All parallel circles haye the same axis and th^' 
same poles ; and conyersely. 

SchoL — It appears by the fourth and fifth corollaries, that, 
of these five conditions — of passing through the two poles^. 
of a circle of the sphere, through the centre of the circle, 
through the centre of the spher^ and of being perpendicun- 
lar to tiie plane of the circle — ^if a straight hne or a plana 
fulfil any two, it will also satisfy the other three. 

PBOPOSITION IL • 

Soch pole of a^y circle of the sphere ia equally distant ens 

^^fp^ihoB from erery point in its circumference. i 

Let ABCD be any circle of the sphere, whose centre is ' 
B^ aad ads G^H. its poles G, H, are each of them equally 
dbtadt fnm. itei drcvn&renee. 

For, id the sphere be cut by planes ]fasam^<!iBt^^vgKl^O^•fc 
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and let the sectiona— -which will be great circles, because the 

line GH passes through the centre of ^ g- 

the sphere — ^meet ABCD in the lines 

of conmKA section FA^ FB, FC a^ 

Then G A, GB, GO, being joined, the 

ri^t-angled triandes GFA, GFB, 

GFC, have the sides FA, FB, FC, 

equal, because they are radii of the 

same circle, and one side GF common 

to all ; and the angles at F are right 

angles (Bp, Ge. I. Cor. 4) ; tharefore 

(PI. Ge. I. 4) the hypothenuses GA, GB, GC, and conse- 
quently the arcs which they subtend, are likewise equal 
Cor. 1. — ^The pole of a great circle is at the distance of a 

quadrant from its circumference. 
Cob. 2. — Hence any plane passing through the centre of 
the sphere, divides it into two equal parts, which are 
therefore called hemispheres. 
Cob. 3. — ^If a point in the surface of the sphere be at the 
distance of a quadrant from other two points not dia- 
metrically opposite, it will be the pole of the great 
circle passing through them. 
For only one great circle can pass through these two 

points, and its pole is distant from them by a quadrant. 

(Sp. Ge. I. Cor. 2, and U. Cor. 1.) 
Cob. 4. — ^The radius of a small circle is the sine of its 
distance from either pole to the radius of the sphere, 
or the cosine of its distance from the parallel great 
circle. 
Cob. 5.— -Hence, those smaQ circles, whose planes are 
equally distant from the centre, are equal ; and con- 
versely ; and of two circles unequally distant, Idiat which 
is nearer the centre is the greater ; and conversely. 
Cob. 6. — ^Parallel circles intercept equal arcs on those 
great circles which pass through their poles. 

PBOPOSITION m. 
The intercepted arc of a great circle, whose pole is the 
angular pointy is the measure of a spherical angle. 

JOet ABC he a spherical angle, o£ ^\nj^\k<& «3\^;^ -^^oint 
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B is the pole of the great circle ACD. Then is the inter- 
cepted arc AC the measure of ABC. - 

For, let the tangents MB, NB, and the radii of the sphere 
EA, EB, EC, be drawn. The 
angle MBN is the same -with the 
Bpherical angle ABC, for the tan- 
gents are perpendicular to BE (So. 
Ge. I. Def. 4, and Sp. Ge. Def. 7) ; 
but MBN is equal to AEC ; be- 
cause, since AB, BC, are quadrants, 
and BEA, BEC, right angles, 
MB, BN, are parallel to AE, EC. 
Wherefore the spherical angle ABC 
is equal to AEC, the measure of -which is the arc AC to 
the radius of the sphere. 

Cqr. 1. — The drcumferences of two great circles cut each 
Oliver at right angles, when their planes are perpendi- 
cular; and cony ersely. 

Cob. 2. — At the point of intersection of two great cirdes, 
the opposite angles are equal, the two adjacent angles 
are together equal to two right angles, and each angle 
is equal to its opposite one, at the other point of inter- 
section (Sp. Ge. Def. 7)' 
Cor. 3. — ^The distance of the adjacent poles of two great 
cirdes is the measure of their inclination, or of the 
spherical angle. 
For, since AB, BC, pass through the poles of ACD, 
ACD passes through the poles of AB, BC (Sp. Ge. I. Cor. 7) ; 
lei P be the pole of AB, and Q the adjacent pole of BC ; 
ilien. AP» CQ^ are quadrants, and AC = PQ. 

Cor. 4.— The intercepted arc of any circle, whose pole 
is the angular point, is the measure of the spherical 
angle to the radius of that circle. 
Cob. 5. — ^Two great circles, which pass through the poles 

of paralld cirdes, intercept similar arcs. 
Gob. 6.— a spherical angle is equal to the incHnation of 
two tangents, to the arcs containing it, drawn from the 
angular point. 
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PROPOSITION IV. 

If a plane be perpendicular to the diameter of a sphere, 
at one of its extremities, it touches the sphere. 

Let the plane CD he perpendicular to AB, the diameter 
of the sphere ABG, at its extre- 
mity B; then CD touches the y^^ 
sphere in that point. / 

For, let F be any other point / 
in CD, and EF, FB, be drawn; I 

the angle EBF is, by hypothe- ^ r-V 

sis, a nght angle. Hence EF is / \ 
greater than EB, and conse* / ^^ — 
quently F a point without the / 

sphere. Thus the plane CD I ' " 

meets the sphere only in the point B, and therefore touches it 
CoR. 1. — ^A sphere and a plane can touch one anothei: 

only in one point. 
CoR. 2. — If a plane touch a sphere, the radius at the 
point of contact is perpendicular to it. i 

CoR. 3. — ^If a plane touch a sphere, a perpendicular to it, 

at the point of contact, passes tlurough the centre. 
CoR. 4. — ^If a plane touch a sphere, its line of common 
section, with the plane of any cirde of the sphere pass- 
ing through the point of contact, is a tangent to that 
circle. . * 

For this line of common section is in the plane of the 
circle, and it touches the circle. ' I 

CoR. 5.—- A tangent, to any circle of the sphere, is th^ 
common tangent of all the circles in whose plane it is* 

PROPOSITION V. ,.'1 

■ •If*. 

In isosceles spherical triangles, the angles at the base cfff) 
equal. 1 

Let ABO be a spherical triangle, having the side A 
^q[U^l to the side AC ; the spherical angles ABC and A 
are equal. 

... Let D he the centre of the apherft ; Join DB, DC, X)!A\ 
Wd^onfi .4, Qu Hie Btraight lines DB,\>G; toJ^wrVSass^^t^ 
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dlcolars AE, AF ; and from the points E and F draw in the 
plane DEC the straight lines EG, FG, perpendicular to DB 
and DC, meeting one another in G ; join AG. 

Because DE is at right angles to each of the strught 
lines AE, EG, it ia at right angles to a 
Ae plane AEG, which passes through 
AE, EG (So. Ge. 1. 4) ; and, therefore, 
every plane that passes through DK is 
at ri^t angles to the plane AEG 
(p). Ge. 1. 17) ; wherefore, the plane I 
DBC is at right angles to the plane ' - 
AEG. For the same reason, the plane "" " 

DBC is at right angles to the plane AFG ; and therefora 
AG, the common section of the planes AFG, AEG, ia at 
r^ht angles (So. Ge. I. 18) to the plane DBC, and the 
angles AGE, AGF, are consequently right angles. 

Buf^ since the arc AB is equal to the arc AC, the angle' 
ADB is equal to the angle ADC. Therefore the triangles- 
ADE, ADF, have the angles EDA, FDA, equal, as also the 
angles AED, AFD, which are right angles ; and they haTff' 
the side AD common ; therefore the other sides are equal, - 
riz. AE to AF (PI. Ge. I. 26), and DE to DF. Again,. 
because the anglea AGE, AGF, are right angles, the squarea 
t/a AG and (JE are equal to the square of AE ; and the 

oares of AG and GF to the square of AF. But the squares 

AE and AF are equal ; therefore the squares of AG and 
GE are equal to the squares of AG and GF; and taking 
away the common square of AG, the remaining Bouares of 
GE and GP are equal, and GE is therefore equi to GF. 
Wherefore, in the triangles AFG, AEG, the side GF is 
equal to the side GE, and AF has hcen proved to he equal 
to AE, and the base AG is common ; therefore the angle 
AFG ia equal to the angle AEG (PI. Ge. I. 8). But the 
atrgle AFG is the angle which the plane ADO makes with 
the plane DBC (So. Ge. I. Def, 4), because FA and FG, 
w))icn are dmwn in these planes, are at r^t angles to DF, 
the common section of the planes. The mi^le AFG 
(Sp. Ge. Def. 7) is therefore equal to the sphencal angle 
ACB; and, fbrdie same reason,theangle AElQ:i&«r^u^^f^'^o)^ 
^ericaJ angle ABC. But the an^e» iiSQt, iSSi-. «» 
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equal. Theicfbie the BphericEd angles ACB, ABC, toe ain 

PSOPOSITION 71. 

K the angles at the base of a spherical tziangle he equal, 
the triangle is isosceles. 

Let ABC he a spherical triangle hatii^ the an^ea ABC^ 
ACB, ec[ual to one another ; the sides AC and JlR aie dso 

Let D he the centre rf the ^here ; join DB, DC, DA, 
and from A on the straight lines DB, DC, draw tike perpen- 
diculars AE, AF ; and frwn the points E and F, draw il 
the plane BBC the straight lines EG, FG, perpendicolac td 
DB and DC, meeting one another in G ; joki AG. 

Then, it may he proved, ai was done in the last propoi^ 
tion, that AG ia at right angles to the plane BCD, and that 
therefore the angles AGF, AQE, ale right ai^lea, Had 
also that the angles AFG, AEG, are equal to &e aiwlea 
which the planes DAG, DAB, make with the plme DBO. 
But because the spherical angles ACB, ABC, are equal, tltt 
anglei which the pkmes DAC, DAB, make with the plans 
DBO, are equal (Sp. Ge. Def. 7), ani therefore the angka 
AFG^ AEG, are also equal. The triangles AGE, AGF, 
liare therefore two angles of the one equal Co two angles of 
the other, and they have also the side AG comm(m ; whei»' 
fbre they aie e^ual, and Uie side AF ia equal to the ude 
AB. 

' Again, because the triangles ADF, ADE, are right aisled 
at F and E, the squares of DF and FA are equal to the 
■quaro (^ DA, that is, to the squares of a. 
DE and EA ; now, the square of AF ia '^^ 
equal to the square of A£, therefore the 
square of DF is equal to the square of 
D£, and the side DF to the side DB. i 
Therefore in the triangles DAF, DAE, [^ 
twcause DF is equal to DE, end DA d _ 
CDBuDon, and also AF equal to AE, the angle ADF it eqoal 
to the angle ADE; theref(»«, also, Ute arcs AC and AB, 
wAicL are the measuies of die angles ADF and ADE, an 
f^ua/ to one an/:>tiieT ; and ^e trian^e .KSt^^aSaow^^sft. 
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PBOPCWITION TIL ^ 

Ab J two sides of a spherical triangle are greater than the 
third. 

Let ABC he a spherical triangle, anj two sides AB^ BC, 
are greater than the third side AC. 

Let D he the centre of the sphere ; 
join DA, DB, DC. 

The soHd angle at D is contained by 
three plane angles ADB, ADC, BDC 
(So. GJe. 11. 1) ; any two of which ADB^ p^ 
BDO, are greater than the third ADC; 
Qu^ is, any two si^es AB, BC, of the ^ 

spherical triangle ABC, are greater than the third AC. 

PEOPOSITION VIIL 

The three sides of a spherical triangle are less than a 
drde. 

Let ABC he a spherical triangle as before, the three sides 
AB, BC, AC, are less than a cu*cle. 

Let D be the centre of the sphere. The solid angle at D 
is. contained by three plane angles BDA, BDC, ADO, 
which tc^ether are less than fonr nght angles (So. Oe. II. 2); 
therefore the sides AB, BC, AC, together, will be less than 
fimr qnadrants, that is, less than a circle. 

PROPOSITION IX. 

In a spherical triangle the greater angle is opposite to the 
greater side ; and conversely. 

Let ABC be a i^herical triangle, the greater angle A is 
opposed to the greater side BC. 

Let the angle BAD be made 
equal to the angle B, and then BD, 
DA, will be equal (Sp. Ge. 6), and 
therefore AD, DC, are equal to BC ; 
hot AD, DC, are greater than AC 3 ^ 

(%. Ge. 7) ; there&re BC is greater than AC, that is, thet 
greater angle A is opposite to the greater ddft BC« TW 
Qonrej^ is demonstrated &a in, PI. Ge. lA^. 
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PROPOSITION X. 

In a spherical triangle, according as the sum of two of 
the sides is greater than a semicircle, equal to it, or less, the 
interior angle at the hase is greater than the exterior and 
Opposite angle at the hase, equal to it, or less ; and the sum 
of the two mterior angles at the hase greater than two right 
angles, equal to two right angles, or less than two right 
angles. 

Let ABC he a spherical triangle, of which the sides are 
AB and BC ; produce the side AB and the base AC t31 
they meet again in D ; then, the arc ABD is a semicirde, 
and the spherical angles at A and D are equal, because eadi 
of them is the inclination of the circle ABD to the circle 
ACD. 

1. If AB, BC, be equal to a semicircle, that is, to AD, 
BC will be equal to BD, and therefore (Sp. Ge. 6) the 
angle D, or the angle A, will be 
equal to the angle BCD. 

2. If AB, BC, together be 
greater than a semicircle, that is, 
greater than ABD, BC will be 
greater than BD ; and therefore (Sp. Ge. 9) the angle D, 
that is, the angle A, is greater than the angle BCD. 

3. In the same maimer, it is shown if AB, BC, together 
be less than a semicircle, that the angle A is less than the 
angle BCD. And since the angles BCD, BCA, are equal 
to two right andes, if the angle A be greater than BCD, A 
and ACB together will be greater than two right angles. If 
A be equal to BCD, A and ACB together wSl be equal to 
two right angles ; and if A be less that BCD, A and ACB 
will be less than two right angles. 

PROPOSITION XI. 

If the angular points of a spherical triangle be made the- 
poles of three great circles, these three circles by their inters; 
sections will form a triangle which is said to be supplemental-, 
to. the former ; and the two triangles are such, that the sides 
of the one are the supplements of the arcs which measure 
the angles of ike other. 
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Let ABO be a spherical triangle ; and from the points A» 
B, and C, as poles, let the great circles FE, ED, DF, be 
described, intersecting one another in F, D, and E; the 
sides of the triangle FED are the supplements of the mea- 
sures of the angles A, B, C ; namely, FE of the an^e BAG, 
DE of the angle ABC, and DF of the angle ACB. And 
again, AC is the supplement of the angle DFE, AB of the 
anrfe FED, and BC of the angle EDF. 

Let AB produced meet DE, EF, in G, M ; let AC meet 
ED, FE, in K, L; and let BC meet 
FD, DE, in N, H. 

Since A is the pole of FE, and the 
cirde AC passes through A, EF will 

rs through the pole of AC (Sp. Ge. 
Cor. 7) ; and since AC passes 
thwyugh C, the pole of FD, FD will ^ 
pass wrough the pole of AC ; there- 
fore the pole of AC is in the point F, 
in which the arcs DF, EF, intersect each other. In the 
s^me manner, D is the pole of BC, and E the pole of 
AB. 

And since F, E, are the poles of AIi, AM, the arcs FL 
and EM are quadrants, and FL, EM, together, that is, FE 
and ML together, are equal to a semicircle. But since A is 
the pole of ML, ML is the measure of the angle BAG 
(Sp. Ge. 3), consequently FE is the supplement of the mea- 
sose of the angle BAC. Li the same maimer, ED, DF, 
a^ ,the supplements of the measures of the angles ABC, ' 
BCA. 

ciSmce likewise CN, BH, are quadrants, CN, BH, to-*^ 
gtther, that is, NH, BC, together, are equal to a semicircle ; ' 
and since D is the pole of NH, NH is the measure of thiaf' 
angle FDE, therefore the measure of the angle FDE is the 
supplement of the side BC. Li the same manner, it is 
shown tiiat the measures of the angles DEF, EFD, ske 
the supplemeiits of the sides AB, AC, in tiie triangler" 
ABC. 




! I •- 



jS«^.i^1%« triangles ABCj DEF, are called p<)lar^^- 



^ax^ts. 
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PROPOSITION XXL 

The three angles of a spherical triangle are greater than, 
two right angles, and less than six right angles. 

The measures of the angles A, B, C, in the triangle ABC^ 
together with the three sides of die 
supplemental triangle DEF, are (Ssp, 
Ge. 11) equal to three semicircles; 
hut the three sides of the triaugie 
FDE are (Sp. Ge. 8) less than two 
semicircles; therefore the measures 
of the angles A, B, C, are greater than ^ j 
a semicircle; and hence the angles 
A, B, 0, are greater than two right -^ 
angles. 

And hecause all the external and internal angles of any 
tnansle are equal to six right angles; therefore, all the isk- 
UxniS. angles are less than six right angles. 

PROPOSITION xin. 
If to the circimiference of a great circle, from a point which 
is not the pole of it, arcs of great circles he drawn ; the 
greatest of mese arcs is that w£ch passes through the pola 
of the first-mentioned circle, and the supplement of it is the. 
least ; and of the others, that which is nearer to the greatest 
is greater than that which is more remote. 

Let ADB he the circumference of a great cirde, odT wUdl 

the pole is H, and let C he any other point ; through O airf 

H let the semicircle ACB he drawn meeting the circle ADB 

in A and B ; and let the arcs CD, CE, CF, also he described. 

From C draw CG perpendicular to AB, and then, hecamer 

the circle AHCB which passes through H, the pole of tiie 

circle ADB, is at right angles to ADB, CG is perpendicular 

to the plane ADB. JoinGD, GE, GF, CD, CE, CF, CA,CB. 

Of all the straight lines drawn from G to the drciim- 

ference ADB, GA is the greatest, and GB the least 

(PL Ge. III. 7) ; and GD, which is nearer to GA, is greattf 

than GE, which is more remote. But the triangles CGA, 

CGD, are right angled at G, and tkey haye the common: 

ffido CGj therefore the squares oi CCjc^Cj^k^\o^^'Osi^x^'^Bs&. 
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is, the square of CA is greater than the squares of CG, GD, 

together, that is, than the square JS. 

of CD ; therefore CA is greater 

than CD, and the arc CA than the 

arc CD. In the same manner, 

since GD isgreater than GE, and 

GE thanGF, it is shoTm that CD A^ 

is greater thasi CE, and CE than ^^"""e^^ ^ 

CF, and, consequently, the aorc CD greater than the arc CE, 
and the arc CE greater than the arc CF. Also, because AG 
IB the greatest, and GB Ihe least, of all the Enes drawn firom 
Q, CA is the greatest, and CB the least, of all the lines 
dntwn from C, and therelbre the arc CA is the greatest, and 
Gfi^ its supplement, the least of aU the arcs drawn through C. 

PROPOSITION XIV. 

In a r^t-angled spherical triangle the sides are of the 
same affection with the opposite angles ; that is, if the sides' 
be greater or less than quadrants, the opposite angles will be 
greater or less than right angles. 

Let ABC be a spherical triangle right angled at A, any 
side AB will be of the same affection with the opposite 
angle ACB. 

Cam 1. Let AB be less than a quadrant. Let AE be a 
quadrant, and EC an arc of a great 
cnnde passing through E, C. Since 
A is a right angle, and AE a qua* 
dzaaty £ is the pole of the great 
circle AC, and EC A a right angle ; 
but ECA is greater, than BCA, 
therefore BCA is less than a right 
angle. 

Case 2. Let AB be greater than 
a quadrant ; make AE equal to a 
quadrant, and let a great circle pass 
through C, E. ECA is a right 
angle as before, and BCA is greater 
than EC A9 that is, greater than a right angle. 
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PROPOSITION XV. 

If the two sides of a right-angled spherical triangle be of 
the same affection, the hypotenuse will be less than a qua- 
drant ; and if they be of different affection, the hypotenuse 
will be greater than a quadrant. 

Let ABC (last figure) be a right-angled spherical triangle ; 
if the two sides AB, AC, be of the same or of different 
affection, the hypotenuse BC will be less or greater than a 
quadrant. 

Case 1. Let AB, AC, be each less than a quadrant. Let 
AE, AG, be quadrants ; G will be the pole of AB, and E 
flie pole of AC, and EC a quadrant; but (Sp. Ge. 13) CE 
is greater than CB, since CB is farther off firom CGD than 
CE. Li the same manner, it is shown that CB, in the 
triangle CBD, where the two sides CD, BD, are each greater 
than a quadrant, is less than CE, that is, less than a 
quadrant. 

Cdise 2. Let AC be less, and AB greater than a quadrant ; 
then the hypotenuse BC will be greater than a quadrant; 
for, let AE be a quadrant, then E is the pole of AC, and 
EC will be a quadrant. But CB is greater than CE 
(Sp. Gfe. 13), since AC passes through the pole of ABD. 
Cob. 1.— Hence, conversely, if the hypotenuse of a right- 
angled triangle be greater or less than a quadrant, the 
sides will be of different or the same affection. 
CoR. 2^ — Since (Sp. Ge. 14) the angles of a right-angled 
spherical triangle haye the same Section with the op- 
posite sides, therefore, according as the hypotenuse is 
greater or less than a quadrant, the angles will be of 
different or of the same affection. 

PROPOSITION XVI. 
In any spherical triangle, if the perpendicular upon the 
base from the opposite angle fall witmn the triangle, the 
angles at the base are of the same affection ; and if the per- 
pendicular ^aXL without the triangle, the angles at the ba$e 
are of different affection. 

Let ABO he a spherical triangle, and let the arc CD be 
dmwn £rom O perpendicular to me \)a&e K&. 
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1. Let CD fall within the triangle; then since ADO, 
BDC, are right-angled spherical triangles, the angles A, B^ 
must each be of the same affection mth CD (Sp. Ge. 14). 





2. Let CD fall without the triangle ; then (Sp. Ge. 14) 
the angle B is of the same affection with CD ; and the ansle 
CAD is of the same affection with CD ; therefore the angles 
CAD and B are of the same affection, and the angles CAB 
and B of different affections. 

Cob. — ^Hence, if the angles A and B be of the same a& 
fection, the perpendicular will fell within the base ; for^ 
if it did not, A and B would be of different affection. 
And if the angles A and B be of opposite affection, 
the perpendicular will faU without the triangle ; for, if 
it did not, the angles A and B would be of the same 
affection, contrary to the supposition. 

PROPOSITION XVII. 
If to the base of a spherical triangle a perpendicular be 
drawn from the opposite angle, which either £sJi\s within the 
triangle, or is the nearest of the two that fall without ; the 
least of the segments of the base is adjacent to the least of 
the sides of the triangle, or to the greatest, according as the 
6um of the sides is less or greater than a semicircle. 

Let ABEF be a great circle of a sphere, H' its pole, and 
GHD any circle passing through H, which therefore is per- 
pendicular to the circle ABEF. Let A and B be two poipts 
M the circle ABEF on opposite sides of the point D, an<^ 
hi' D be nearer to A than to B, and let C be any point in 
the circle GHD, between H and D. Through the points 
A and C, B and C, let the arcs AC and BC be drawn, and 
let them be produced till they meet the circle ABEF in th'd 
|^i||ts»E^nd F; then the arcs ACE, BCF, ate €«i6k!a<*s&* 
Also ACB, AGP, CFE, ECB, are £o\a «^\ietv«j^Ax^»»^ 
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contained by arcs of tlie same cirdes, and haying the same 
peipendiculaFB CD and CG. 

1. Now, because OE is nearer to the arc CHG than CB 
is, CE is greater than CB, and 
therefore CE and CA are greater 
than CB and CA ; wherefore CB s^ 
and C A are less than a semicircle ; 
but because AD is, by supposition, o| 
less than DB, AC is also less than 
OB (Sp. Ge. 13) ; and therefore 
in this case, namely, when the per- 
pendicular falls within the triangle, 
and when the sum of the sides is less than a semicircle, the 
least segment is adjacent to the least side. 
(( 2. A^n, in the triangle FCA the two sides FC and CA 
are less than a semidrde ; for, since AC is less than CB, 
AC and CF are less than BC and CF. Also, AC is less 
tiian CF, because it is more remote from CHG than CF is; 
Iherefore the least segment of the base AD is in this case 
also adjacent to the least side. 

3. But in the triangle FCE the two sides FC and CE are 

freater than a semicircle ; for, since FC is greater than CA, 
C and CE are greater ihao. AC and CE. And because 
AC is less than CB, EC is greater than CF, and EC is 
therefore nearer to the perpendicular CHG than CF is, 
wherefore EG is the least segment of the base, and is adja- 
cent to the greater side. 

4. In the triangle ECB the two sides EC, CB, are greater 
than a semicircle ; for, since by supposition CB is greats 
than CA, EC and CB are greater than EC and CA. Also, 
EC is greater than CB ; wherefore in this case, also, the 
least segment of the base EG is adjacent to the greatest side 
of the triangle. 

j PROPOSITION XVIII. 

Any two cirdes of the sphere, passing through the poles 
of two great cirdes, intercept eq}ial arcs upon them. 

Let AFB, CFD, be the two great cirdes intersectingonc 
another in F, and let F be the pole of the great circle ACBD, 
cutting them in the diameters AEB, CED. The cirdc 
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lies; let tbe diameter MN l>e 
to CD; then M, N, are the 



ACBD paseeB through their ] 
perpendicular to AB, and Vi, 
poles of AFB, and P, Q, the 
poles of CFD. Let the small 
circle PQN paaa through the 
poles F, N, and cut the circle 
ACBD in the line of com< 
moa section PKLN; the 
arcs BH, DO, of the oiwIm 
AFB, CFD, intercepted by 
the aide passing throng 
P, N, aie cQuaL 

For, let EH, HE, £0, 
GL, PG, ^^H, he drawn. 

In the tria^les PEL, NEK, angle P = N, for P£ = NE ; 
also NEK, PEL, being ri^t angl^ are equal; hence 
(PL Oe. I. 26) PL = NK, and EL = EK. Again, the 
qoadranta PG, NH, are equal, and taHng avrsr HG, th£ 
arc PH = NG, and the chord PG = NH. Hence, in the 
triangles PLG, NKH, PL = NK, PG = NH, and an^es 
LPG, KNH, standing on equal axes NG, PH, sk equal; 
hence, LG = KH. Again, in the triangles EKH, ELG, 
having their sides reapectiTely equal, angle HEK :=: GEI^ 
and hence the arc HB ^ 6D. 




SPHERICAL TRIGONOMETET. 

Spherical Trigonometry treats of those rdationa between 
the sides and angles of spherical triangles, by which thrar 
numerical values may be computed. 

The trigonometri<»l lines defined in Plane TrigonometiT 
are employed in reference to the rides and angles of sphen- 
cal triangles. 

PROPOSITION L 

In right-angled spherical triangles, the sine of either of 
ike aides about the right angle, b to the radius Of the sphere, 
as the tangent of the remiuning side is to the tangent of the 
angle opposite to that side. 
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Let ABO be a triangle, liaying the right angle at A ; and 
let AB be either of the sides, the sine of the side AB Trill 
be to the radius, as the taogent of the 
other side AC to the tangent of the 
angle ABC, opposite to AC. Let D 
be the centre of the sphere ; join AD, 
BD, CD, and let AF be drawn per- 
pendicular to BD, which therefore will 
Be the sine of the arc AB, and from 
the point F, let there be drawn in the 3J 
plane BDC the straight line F£ at 
right angles to BD, meeting DC in E, 
and let A£ be joined. Since therefore the straight line DE< 
is at right angles to both FA and FE, it will also be at lighl^ 
angles to the plane AEF (So. Ge. L 4); wherefore i^ 
phme. ABD, which passes through DF, is perpendicular tot 
the plane AEF (So. Ge. L 17), and the plane AEF per?- 
pendicular to ABD ; but the plane ACD or AED is also 
perpendicular to the same ABD; therefore the commoil^ 
section, namely, the straight line AE, is at right angles to the 
plane ABD (So. Ge. I. 18), and EAF, EAD, are right; 
angles. Therefore, AE is the tangent of the arc AC ; and 
in the rectilineal triangle AEF, having a right angle at Ay^ 
AF is to the radius as AE to the tangent of the angle AFE 
(PI. Tr. 2) ; but AF is the sine of the arc AB, and AE tto 
tangent of the arc AC, and the angle AFE is the inclinatioai 
of the planes CBD, ABD (So. Ge. I. Def. 7), or the sphe^' 
rical angle ABC ; therefore the sine of the arc AB is to thst 
radius as the tangent of the arc AC to the tangent of the; 
opposite angle ABC. j 

Cor. — Aiid since by this proposition the sine of the side 
AB is to the radius, as the tangent of the other side 
AC to the tangent of the angle ABC opposite to that 
side; and as the radius is to the cotangent of the 
angle ABC, so is the tangent of the same angle ABO 
to the radius (PI. Tr. 4, Uor. to Def.) ; by equality, the; 
sine of the side AB is to the cotangent of the angle 
ABC adjacent to it, as the tangent of the other si^e 
AC to the radius. « 
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PROPOSITION IL 

In right-angled spherical triangles the sine of the hypo- 
tenuse is to the radius, as the sine of either side is to the 
sine of the angle opposite to that side. 

Let the triangle ABC he right angled at A, and let AC 
be either of the sides ; the sine of the hypotenuse BC iviU 
be to the radius as the sine of the arc AC is to the sine of 
the anMe ABC. 

Let I> be the centre of the sphere, and let CE be drawn 
perpendicular to DB, which will therefore be the sine of the 
hypotenuse BC; and from the 
ftnot £ let there be drawn in the 
pine ABD the straight line EF 
Mipendicular to DB, and let CF 
be joined; CF will be at right 
allies to the plane ABD, as was 
shown in the preceding propo- 
rtion of the straight Ime E A ; _ 
wherefore CFD, CFE, are right angles, and CF is the sine 
€f the arc AC ; and in the triangle CFE, haying the right 
angle CFE, CE is to the radius, as CF to the sine of the 
angle CEF (PL Tr. 1). But, since CE, FE, are at right 
angles to DEB, which is the conunon section of the planes 
GSD, ABD, the angle CEF is equal to the inclination of 
these planes (So. Ge. I. De£ 4), that is, to the spherical 
angle ABC. The sine, therefore, of the hypotenuse CB is 
to ihe radius as the sine of the side AC is to the sine of the 
opposite angle ABC. 

CoR. — Of these three, namely, the lypotenuse, a side, 
and the angle opposite to that 8i<^, any two being 
giren, the tmrd may be found. 

PROPOSITION IIL 

In right-angled spherical triangles, the cosine of the hy- 
potenuse is to the radius as the cotangent of either of the 
anises is to the tangent of the remaining angle. 

Let ABC be a spherical triangle, having a right angle at 
A, the cosine of the hypotenuse BC will be to the radius 

E 
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as the cotangent of the angle ABC to the tangent of the 
ande ACB. 

Describe the circle DE, of which B is the pole, and let 
it meet AC in F, and the circle BC in E; and since the 
circle BD passes through the pole B of '^s. 

the cirde DF, DF will pass through xX-w 

the pole of BD (Sp. Ge. I. Cor. 7). \ /\ 

And since AC is perpendicular to BD, cV^ \ 

AC will also pass through the pole of ^/^ \ 

BD ; wherefore, the pote of the circle ^y/^ \ 

BD is in the point where the cirdes SC^^ ^^^ 

AC, DE, intersect, that is, in the point j^ 

F. The arcs FA, FD, are therdfore quadrants, and like- 
wise the arcs BD, BE. In ^<^ triangle CEF, right angled 
at^the point E, CE is the complement of BC, the hypotenuse 
of the triangle ABC ; EF is the complement of the arc ED, 
which is the measure of the angle ABC ; FC, the hypo- 
tenuse of the triangle CEF, is the complement of AC ; and 
the arc AD, which is the measure of the angle CFE, is die 
complement of AB. 

But (Sp. Tr. 1) in the triangle CEF, ihib sine of the side 
OE is to me radius, as the tangent of Ihe other side EF is 
to the tangent of the angle ECF opposite to it ; that is, in 
the triangle ABC, the cosine of the hypotenuse BG k to the 
radius as the cotangent of the angle ABC is to the tangent 
of the angle ACB. 

CoR. 1. — Of these three, namely, the hypotenuse and the 
two angles, any two being given, the third will also he 
^ven. 
Cob. 2.-^And since by this proposition the cosine <tf the 
hypotenuse BC is to the radius as the cotangent of the 
angle ABC to the tangent of the angle ACB, and since 
the radius is to the cotangent of ACB. as the tangent 
of ACB to the radira (PL Tr. 4, Cor. to Def.) ; there- 
fore, by equality, the cosine of the hypotenuse BC is 
to the cotangent of the angle ACB, as the cotangent 
of the angle ABC to the radius. 
8choh — The triangle CEF is called the Ciwijplemeniary 
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PROPOSITION IV, 

In right-angled spherical triangles, the cosine of an angle 
is to the radiii£i, as the tangent ct the side adjacent to that 
angle is to the tangent of me hypotenuse. 

The same construction remaining. In the triangle OEF 

(Sp. Tr. 1), the sine of the side EF is to the radius, as the 

tangent of the other side CE is to the 

tangent of the angle CFE opposite to 

it ; that is, in the triangle ABC, the 

cosine of the angle ABO is to the 

ladius as the cotangent of the hypo- 
tenuse BC to the cotangent of the 

side AB, adjacent to ABC, or as the 

tangent of the side AB to the tangent ^ 

of ue hypotenuse, since the tangents 

of two arcs are reciprocally proportional to their cotangents 

(PI. Tr. 4, Cor. to Def.) 
Cob.— And since by this proposition the cosine of the 
angle ABC is to ihe radius, as the tangent of the side 
AB is to the tangent of the hypotenuse BC ; and as 
the radius is to the cotangent of BC, so is the tangent 
of BC to the radius ; by equality, the cosine of the 
ai^le ABC will be to the cotangent of the hypotenuse 
BC, as the tangent of the side AB, adjacent to the 
angle ABC, to the radius. 

PROPOSITION V. 

In right-angled spherical triangles, the cosine of either of 
£he sides is to the radius, as the cosine of the hypotenuse is 
to the cosine of the other side. 

The same construction remaining. In the triangle CEF, 
the sine of the hypotenuse CF is to the radius, as the sine 
rf the side CE to the sine of the opposite angle CFE 
(Sp. Tr. 2) ; that is, in the triangle ABC, the cosine of the 
ffide CA is to the radius as the cosine of the hypotenuse BC 
to the cosine of the other side BA. 

PBOP06ITI0N Yh 
In zight-aogled spherical triangles, the oosine of either of 
£he sides is to the radius, as the cosinfi of the^flc^^^ ^\Y^NBt^ 
to ibat side is to the »me of the oih.es ^ox^q. 



m 
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The same construction remaining. In the triangle CEF, 
the sine of the hypotenuse CF is to the radius as the sine 
of the side £F is to the sine of the angle £CF opposite to 
it ; that is, in the triangle ABC, the cosine of the side CA 
is to the radius, as the cosine of the angle ABC, opposite to 
it, is to the sine of the other angle ACB. 

PROPOSITION yii. 

In spherical triangles, whether right-angled or oblique- 
angled, the sines of the sides are proportional to the sines 
of the angles opposite to them. 

First, let ABC be a right-angled triangle, haying a right 
angle at A ; therefore (Sp. Tr. 2) the sine of the hypotenuse 
BC is to the radius (or the sine of the 
right angle at A) as the sine of the 
side AC to the sine of the angle B. 
And in like manner, the sine of BC 
is to the sine of the angle A, as the 

sine of AB to the sine of the angle C ; ~ ^^--- .-■> A. 

wherefore (PI. Ge. V. 11) the sine of the side AC is to the 
sine of the angle B, as the sine of AB to the sine of the 
angle C. 

Secondly, let ABC be an oblique-angled triangle, the sine 
of any of the sides BC, will be to the sine of any of the 
other two AC, as the sine of the angle A, opposite to BC, is 

c 






3 A 

to the sine of the angle B, opposite to AC. Through the 
point C, let there be drawn an arc of a great circle CD per- 
pendicular upon AB ; and in the right-angled triangle BCD 
(Sp. Tr. 2), the sine of BC is to the radius, as the sine of 
CD to the sine of the angle B ; and in the triangle ADC, 
by inyersion, the radius is to the sine of AC as the sine of 
the angle A to the sine of DC ; therefore, by indirect equa- 

///f, the sine of BC is to the sine of AC, as the sine of thfc 

angle A to the sine of the angle B. 



SPHERICAL TBiaONOMETRT* 65 

PROPOSITION vm. 

In oblique-angled spherical triangles, a perpendicular aro 
being drawn from any of the angles upon the opposite side, 
the cosines of the angles at the base are proportional to the 
sines of the segments of the yertical angle. 

Let ABC be a triangle, and the arc CD perpendicular to 
the base BA ; the cosine of the angle B will be to the cosine 
of the angle A, as the sine of the angle BCD to the sine of 
the angle ACD. 

For (Sp. Tr. 6) the cosine of the angle B is to the sine of 
the angle BCD^ as the cosine of the side CD is to the radius ; 

c 





and also the cosine of the angle A to the sine of the angle 
ACD in the same ratio ; therefore, by alternation, the co- 
sine of the angle B is to the cosine of the angle A, as the 
sine of the angle BCD to the sine of the angle ACD. 

PROPOSITION IX. 
The same things remaining, the cosines of the sides BC, 
CA, are proportional to the cosines of BD, DA, the seg- 
ments of the base. 

For (Sp. Tr. 5) the cosine of BC is to the cosine of BD, 
as the cosine of DC to the radius, and the cosine of AC to 
the cosine of AD in the same ratio ; wherefore, by alterna- 
tion, the cosines of the sides BC, CA, are proportional to 
the cosines of the segments of the base BD, DA. 

PROPOSITION X. 
The same construction remaining, the sines of BD, DA, 
tHe segments of the base, are reciprocally proportional to the 
(iqiigjents of B and A, the angles at the base. 

• For (Sp. Tr. 1) the sine of BD is to the radius, as the 
tangent of DC to the tangent of the angle "B •, «aA. ^^i^^"^^ 
radius to the sine of AD, as the tangent oi k to XJc^a Xaswg^ 
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of DC ; therefore, by indirect equaKty, tlie sine of BD is to 
the sine of DA, as the tangent of A to the tangent of K 

PROPOSITION XL 
The same construction remaining, the cosines of the se^ 
ments of the yertical angle are reciprocallj- proportional to 
the tangents of the sides. 

For (Sp. Tr. 4) the cosine of the angle BCD is to the 
radius, as the tangent of CD is to the t^gent of BO ; aod 
also (Sp. Tr. 4, bj inyersion), the radius is to the cosine of 
the angle ACD, as the tangent of AC to the tangent of 
CD ; tnerefore, by indirect equality, the cosine of the angk 
BCD is to the cosine of the angle ACD, as the tangent of 
AC is to the tangent of BC. 

PROPOSITION XII. 
If, from the extremities of the base of any spherical 
triangle, arcs of great circles be described to meet the 
sides, and to cut oS a part on each from the vertex, ecpd 
to the other side ; the rectangle imder the sines of half these 
arcs shall be equal to the rectangle under the sines ci ihe 
excesses of the semiperimeter above the two sides. 

Let ABC be a spherical triangle, having two unequal sides 

AB, BC. From BC, the greater, let BD be cut off equal 
to BA, and on BA produced make 
BE = BC ; and let great circles pass 
through A, D, and E, C. Then if S 
denote half ihe sum of the sides, 
Sini AD • sin^ EC=Sin (&— AB)- 
sin(S — BC). 

For, in BA produced, let AF = 

AC, and FG z= AE ; also, let the 
straight lines AG, GD, DA, EF, 
FC, CE, be drawn. The straight 
lines AD and EC are parallel ; for, 
if a great circle bisect the angle at 
B, it also bisects the arcs AD, EC, and is perpendicular to 
their planes ; therefore the cords AD, EC, are perpendi- 

cular to the hnea of common section, and consequenti^^ both 
ore perpendicalax to the plane oi 1i!ba^ ^eai ca<2^, «sA^% 
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paraDeL But AO and EF are also parallel ; tberefore tbe 
plane of the triangle DAG- is parallel to the plane of the 
triangle C£F. Let the plame AFC, wluch cuts the latter 
in FC, cut the former in HK. Then HK is psurallel to FG 
(So. Ge. I. 14). Therefore, since the cords AF, AC, are 
«qiial, HK is a tangent to the circle that passes through 
A, F, C, and consequently it is also a tangent to the circle 
that passes through A, D, G (Sp. Ge. 4, Cor. 5). Hence 
the angle ADG = GAH = EFC. But the angle DAG 
= CEF (So. Ge. I. 9). Therefore the triangles AGD, 
EFC, are equiai^ular, and AD : AG = EF : EC, or 
AD : ^ AG = ^ EF : ^ EC ; or, considering the arcs, sin 
AD:siniAG=:siniEF:sin|EC;andhenceSin|AD 
sin i EC = Sin i AG • sin A EF. But arc AG = AF 
+ FG = AC + AE = AC + BC — AB,and i AG = i 
(AC + BC + AB~2AB) = S — AB. Also EF = AP 
— AE = AC — (BC ~ AB) = AC — BC + AB (PI. 
Oe. Ad. II. 2), or i EF = i (AC + AB + BC~2BC) = 
8— BC. Hence,ffiniiJ>-siniEC = Sin(S— AB)- 
ain(S — BC). 

PROPOSITION xm. 

In any spherical triangle, the rectangle under the sines of 
the two sides is to the square of the radius, as the rectangle 
under the excesses of the semiperimeter aboye these sides^ 
to the square of the sine of half the vertical angle. 

Let ABO be the triangle, BD 

= BA, BE = BC, and BFG bisect- 
ing the vertical angle; and AD, 

EC, drawn as in the preceding 

figure ; then BFG bisects AD, EC, ^^ 

and cuts them at right angles, for 

it passes through their pole. In the 

right-angled triangles ABF, EBG, 

^ AB : R = sin AF : sin i B, 
Sin BE : R = sin EG : sin I B ; 

hence (PI. Ge. VI. 23, Cor. 1) Sin AB • sin BC : R^ = Sin 

AF-sinEG.-sm^iB. But (Sp. Tr. 12) Sin AF • sin EG 

=: Sn (S — AB) • sin (S — BC) ; therefore^ 

SnAB'sin BO;E^= JSin (S— ABVsVn ^.S— ^^Y^^^* 
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Cor. — If the angles of the triangle he denoted hy A, B, 
and C, and the sides opposite to them respectively hy 
a, b^ and c, and half the sum of the sides hy ^, then 

* sm a . sm c 

By changing B into C, and c into 5, a similar formula is 
found for sin^^ C ; and also, in the same manner, for 
sin* i A. 

Solution of the Cases of Right- Angled Spherical Triangles. 

PROBLEM. 
In a right-angled spherical triaugle, of the three sides and 
three angles, any two heing given, hesides the right angle 
to find the other three. 

This prohlem has sixteen cases, the solutions of which are 
contained in the following tahle, where ABO is any spheri- 
csal triangle right-angled at A. 



OIVBN. 



BC and B. 



AC and C. 



AC and B. 



ACandBC. 



ABandAC. 



/ 



Band C. 



SOUGHT. 



AC. 

AB. 

C. 

AB. 

BC. 

B. 

AB. 

BC. 

C. 

AB. 
B. 
C. 

BC. 
B. 
C. 

AB. 
AC. 
BC. 



SOLUTION. 



R:sinBC = sinB:sinAC, (2) 
R : cos B = tan BC : tan AB, (4) 
R : cos BC = tan B : cot C, (3) 

R:sinAC = tanC:tanAB,(l) 
cosC:R = tanAC:tanBC,(4) 
R : cos AC = sin : cos B, (6) 



tan B : tan AC 
sin B : sin AC 
cos AC : cos B : 



R:smAB,(l) 
: R : sin BC, (2) 
R : sin C, (6) 



cos AC : cos BC = R : cos AB, (5) 
sin BC : sin AC = R : sin B, (2) 
tanBC:tanAC = R:cosC,(4) 



R:cosAB: 
sinABiR 
4iin AC : R = 

sin B : cos C 
sin C : cos B : 
tan B ; cot C 



cos AC : cos BC, (5) 
:tanAC:tanB,(l) 
:tanAB:tanC,(l) 

RrcosAB, (6) 
R: cos AC, (6) 



I 
2 
3 

4 
5 
6 

7 
8 

9 

10 
11 
12 

13 
14 
14 

15 
15 
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Table for determining when the things found in the pre- 
ceding are less than a Quadrant (Sp. Ge. 14 and 15). 



The angle or arc found is less than 90*. • 

When B is less than 90'. 

When BC and B are of the same affection. 

When BC and B are of the same affection. 

When C is less than 90^ 

When AC and C are of the same affection. 

When AC is less than 90^ 

Ambiguous. 
Ambienious. 
Ambiiaous. 

When AC and BC are of the same affection. 

When AC is less than 90'. 

When AC and BC are of the same affection. 

When AB and AC are of the same affection. 
When AC is less than 90'. 
When AB is less than 90^ 

When C is less than 90^ 
When B is less than 90^ 
When B and C are of the same affection. 



1 
2 
3 

4 
5 
6 

7 
8 

9 

10 
11 
12 

13 
14 
14 

15 
15 
16 



! Schol. — ^The rules for the cases of right-angled spherical 
trigonometry may be reduced to two, called Napier's Bules 
of the Circiiar Parts. 

In a right-angled spherical triangle, the right angle igf 
neglected, and the hypotenuse, the two angles, and the 
complements of the two sides, are called circular -pari* ; "sflcA^ 
anjr of these parts being xjalled tiie middle ^^axK.s'^'^'^w^ 
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adjacent to it, adjacent parts ; and the two remaining parts, 
opposite parts; then, the rectangle under the radius and 
the cosine of the middle part, is equal to that under the 
cotangents of the adjacent parts, or the sines of the opposite 
parts. Or if the middle part be called M ; the two adjacent 
parts, A and a ; and the opposite parts O and o^ 

R • cos M = cot A • cot a, 
or R * cos M = sin O * sin 0. 

Either of these rules may be converted into a proportion 
by PL Ge. YI. 16. 

The cases marked ambiguous are those in which the thing 
sought has two yalues, and may either be equal to a certain 
angle, or to the supplement of that angle. Of these there 
are three, in all of which the things given are a side, and 
the angle opposite to it ; and accoroingly, it is easy to show 
that two right-angled spherical triangles may always be 
found, that haye a side and the angle opposite to it the same 
in both, but of which the remaining sides, and the remain- 
ing angle of the one, are the supplements of the remaining 
jsides and the remaining angle of the other, each of each. 

Though the affection of the arc or angle found may in aD 
the other cases be determined by the rules in the second of 
the preceding tables, it may be useful to remark, that al 
these rules, except two, may be reduced to one, namely, 
that when the thing found by the rules in the first table is 
either a tangent or a cosine ; and when, of the tangents oi 
cosines employed in the computation of it, one only belongs 
to an obtuse angle, the angle required is also obtuse. 

Thus, in the 15th case, when cos AB is found, if be an 
obtuse angle, because of cos C, AB must be obtuse ; and in 
case 16, if either B or C be obtuse, BC is greater than 90*, 
but if B and are either both acute, or both obtuse, BG is 
less than 90*. 

It is evident that this rule does not apply when that 
which is found is the sine of an arc ; and this, besides the 
three ambiguous cases, happens also in other two, namely, 
the 1st and 11th. 
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Soltiiion of the Cases of Oblique-Angled Spherical 

Triangles. 

PROBLEM. 

a any oblique-angled spherical triangle, of the three sides 
three angles, any three being giyen, the other three may 
bund. 

n this table, the references (c. 4), (c. 5), &c. are to the 
s in the preceding tables. 



OITEN. 



SOUGHT. 



SOLUTION. 



1. 



One of the 

other angles, 

B. 



'wo sides 
IB, AC, 
id the in- 
ided angle 
A. 



Let fall the perpendicular CD 
from the unknown angle 
not required, on AB. 

R : cos A =tan AC : tan AD 
(c. 2) ; therefore BD is 
known, and sin BD : sin 
AD::tanA:tanB(10); 
B and A are of the same 
or difFerent affection, ac- 
cording as AB is greater or 
less than AD (Sp. Ge. 16). 



2. 



The third 
side 
BC. 



Let fall the perpendicular CD 
from one of the unknown 
angles on the side AB. 

R : cos A=:tan AC : tan AD 
(c. 2); therefore AD is 
known, and cos AD : cos 
BD::cosAC:cosBC(9); 
accordmg as the segments 
AD and DB are of the 
same or different affection, 
AC and CB YrillliQ. ^^ ^\s& 
same ot ^\Sct^Ti\. ^^oJ^^-^ 



\ 



n 
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OIVKX. 



Two angles 
A and ACB, 

arid AC, 
the side be- 
tween them. 



SOUGHT. 



3, 



The side 
BC. 



4. 



4 i . 



The third 

ano^le 

B. 



SOLUTION. 



From C the extremity of AC 
next the side sought, let 
fall the perpendicular CD 
on AB. 

R : cos AC : : tan A : cot 
ACD ^ (c. 3) ; therefore 
BCD is known, and cos 
BCD : cos ACD :: tan AC : 
tan BC (11). BO is less 
or greater than 90**, accord- 
ing as the angles A and 
BCD are of the same or 
different affection. 



Let fall the perpendicular CD 
from one of the given 
angles on the opposite side 
AB. 

R : cos AC : : tan A : cot 
ACD (c. 3) ; therefore the 
angle BCD is given, and 
sin ACD : sin BCD : : cos 
A : cos B (8) ; B and A 
are of the same or different 
affection, according as CD 
falls within or without the 
triangle, that is, according 
as ACB is greater or less 
than ACD (Sp. Ge. 16). 
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eiTXN. 


SOUGHT. 


SOLUTION. 




5. 

The angle B 

opposite to 

the other 

given side 

AC. 


Sin BC : sin AC : : sin A : sin 
B (7). The affection of B 
is ambiguous, unless it can 
be determined by this rule, 
that according as AC -|- BC 
is greater or less than 180% 
A -|- B is greater or less 
than 180' (Sp. Ge. 10). 


wo sides 
J and BC, 
I an angle 

A 
•posite to 
3 of them, 
BC. 


6. 

The angle 
ACB con- 
tained by the 
given sides 
AC and BC. 


From ACB, the angle sought, 
draw CD perpendicular to 
ABj then 

R : cos AC : : tan A : cot 
ACD (c. 3) ; and tan BC : 
tan AC : : cos ACD : cos 
BCD (11). ACD ± BCD 
— ACB, and ACB is am- 
biguous, because of the am- 
biguous sign -|- or ^. 




7. 

The third 
side 
AR 


Let fall the perpendicular CD 
from the angle C contained 
by the riven sides upon the 
side Ah. 

R : cos A : : tan AC : tan AD 
(c. 5) ; cos AC : cos BC : : 
cos AD : cos BD (9). AB 
= AD ± BD ; wherefore 
AB is ambiguous. 
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OIVKN. 


SOUGHT. 


SOLUTION. 




a 


Sin B : sin A : : sin A 
BC (7); the affect 




The side 


BC is uncertain, 




BC 


when it can be detei 




opposite to 


by this rule, that ace 




the other 


as A + B is greater 




giyen angle 


than 180% AC + 




A. 


also greater or less 






. 180«» (Sp. Ge. 10). 




From the unknown a 




0. 


draw CD perpendic 
AB; then 




The side 


B : cos A : : tan AC : tj 


Tvfo angles 


AB 


(c. 3) ; tan B : tan A 


A,B, 


adjacent to 


ADisinBD. BD 


and a side 


the giyen 


biguons, and therefo 


AC 


angles 


— AD + BD maj 


opposite to 


A,B. 


four yalues, some of 


one of thexH) 




will be excluded b 


B. 




condition, that AB 
be less than 180°. 




From the angle requii 




10. 


draw CD perpendici 
AB. 
R : cos AC : : tan A : co^ 
(c. 3) ; cos A : cos I 




The third 


ACD : sin BCD (8). 




angle ^ 
ACB. 


affection of BCD is 




tain, and therefore A 






ACD ± BCD hai 






values, some of whic 






be excluded by the 






tion that ACB is leg 






180*. 



mBKUCASi TBIOONOIOCIBY. 



7S 



lITXir. 


SOUGHT. 


SOLUTION. 


e three 

ddes, 

^AC, 

and 

BC. 


11. 

One of the 

angles 

A. 


By proposition 13, any angle 
may be found when the 
thitee sides are giyen. To 
find A, sin AB * sin AC : 
Il« = sin (S — AB) • sin 
(S — AC):Hin«|A. This 
is a convenient rule when 
expressed loganthnucally. 


e three 
ngles 
,.B, C. 


12. 

One of the 
sides 
BC. 


Suppose the supplements of 
die three given angles A, 
B, C, to he 0^ b^ e^ and to 
be the sides of a spherical 
triangle. Find, by the last 
case, the angle of this tri- 
angle opposite to the side 
a, and it will be the sup- 
plement of the side of ^e 
given triangle opposite to 
uie angle A, that is, of BC 
fSp. Ge. 11); and there- 
fore BC is fmmd. 



the foregoing table, the rules are given for ascertaining 
ffection of the arc or angle found, whenever it can be 
Most of these rules are contained in this one rule, 
[i is of general application : — That when the part found 
ber a tangent or a cosine, and of the tangents or cosines 
oyed in the computation of it, either one or three belong 
tose angles, the angle found is also obtuse. This rule 
rticularly to be attended to in cases 5 and 7> where it 
ves part of the ambiguity. 

hoi, — ^The preceding rules are sufficient for the solution 
the cases of Spheriod Trigonometry. There are various 
' rules, however, which may be used in some cases with 
itage ; but the investigation of them, and also the ex« 
itibn of the preceding nile for detennining the afiecdon 
be part soi^gh^ belong properly to Axia^^cd^Txv^^^ 



r. 
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PROJECTIONS. 

GENERAL DEFINITIONS. 

1. The representation on a plane, of the important points 
and lines of an object, as they appear to the eye when situ- 
ated in a particular position, is called the projection of the 
object. 

2. The plane on which the delineation is made, is called 
the plane of projection^ or primitive* 

3. The point where the eye is situated, is called the point 
of eighty or the projecting point, 

4. The point on the plane of projection, where a perpen- 
dicular to it from the point of sight meets the plane, is 
called its centre. 

5. The line joining the point of sight and the centre, is 
called the axis of the primitive. 

6. Any point, line, or other object to be projected, is 
called the original in reference to its projection. 

7* A straight line drawn from the point of sight to any 
original point, is called o. projecting line, 

8. The sur&ce, which contains the projecting lines of all 
the points of any original line, is called a projecting surfoM^ 
When the original Ime is straight, the projecting sur£EU» 
will be B. projecting plane. 

CoR. — ^The projection of any point is the intersection o£ 
its projecting line with the primitire. 



FIRST BOOK. 

STEBEOGBAPHIC PROJECTION OF THE SPHBBE. 

DEFINITIONS. 

1. The stereographic projection of the sphere is that in 
which a great circle is assumed as the ^lane of projection, 
and one of its pojes as the piojecting "^caivrLt. 
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2. The great circle, upon whose plane the projection is 
made, is caUed the primUive. 

3. By the semi-tangent of an arc, is meant the tangent of 
half that arc. 

4. By the line of measures of any circle of the sphere, is 
meant that diameter of the primitive, produced indefinitely, 
which is perpendicular to the line of common section of the 
circle and the primitive. 

PROPOSITION I. 

Every great circle which passes through the projecting 
point is projected into a straight line, passing through the 
centre of the primitive ; and every arc of it, reckoned from 
the other pole of the primitive, is projected into its semi- 
tangent. 

lict ABCD he a great ciicle, passing through A, C, the 
poles of the primitive, and intersecting it in the line of 
common section BED, E heing the centre of the sphere. 
From A, the projecting point, let there be drawn straight 
Unes AP, AM, AN, AQ, to 
any number of points P, M, 
N, Q, in the circle ABCD. 
Tbese lines will intersect 
BED, which is in the same 
plane with them; let them 
meet it in the points jt?, m^ 
n^q; thenjt?, w, w, g, arethe 
projections of P, M, N, Q. 
And thus the whole circle ABCD is projected into the 
straight line BED, passing through the centre of the pri- 
mitive. 

Again, because the points C and M are projected into E 
and w, the whole arc MC will be projected into the straight 
line wE, which, to the radius AE, is the tan mAE = tan 
\ MC. Thus, the arc MC is projected into its semi-tangent 
w»E ; PC into its semi-tangent /?E, &c. All arcs, therefore, 
on the circle ABCD, reckoned ftom ihfc "joV^ (j^ «x&^^« 
jected into their jseiiu^-tangents^ 
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Cor. 1. — Eacli of the quadnmts contiguous to the pnv 
jectiag point is projected into an indefinite straight 
line, and each of those that are remgte, into a xa^va 
of the primitiTe. 

Cob. 2. — Every small carcle nhich passes through the 
projecting point is projected into that stnught liite 
frhich is its common section with the primitiTe. 

Cob. 3. — Erery straight line, in the plane of the piinu- 
tire, and produced indefinitely, is the projection d 
Bome circle on the sphere passing through the project- 
ing point. 

CoH. 4. — ^The BteieograpMc projection of any point in 
the suriace of the sphere is distant £om the centre of 
ttie primitive, by the Bemi-tangent of that point's di»- 
tance from Hib pole opposite to the projecting point. 

PROPOSITION II. 

Every circle on the sphere which does not pass throogb 
&e projecting point, is projected into a circle. 

If the circle be paiallel to the piimitire, the proposition 
is evident. 

For, a strakht line, drawn fivm the projecting point to 
any point in the circumference, and made to revdve alwnt 
the circle, descrihcs the surface of a cone, which is cut hj s 
plane (namely, the primitive), parallel to the base; and 
therefore the section (the figure into which the circle is 
projected) is a circle. 

K the circle MN be not parallel to the primitiTe BD ; let 
die great cirde ABCD, passing throu^ the proje<^ 




jKiint, cat it at right angl», m. tiie ^ameter MN, and the 
jaimitire ia the tUameter BD. "Etew^ "Si, m *Cttfc -^ama 
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of that great circle, let MF be drawn parallel to BD ; let 
AM, AN, be joined, and meet BD in m, n. Then, because 
AB, AD, are quadrants, and BD, MF, parallel, the arc 
AM = AF, for BM = DF ; since, if B and F yrere joined, 
tiie ahemate angles would be equal ; hence the angle AMF 
or Asnn = ANM. Thus, the conic surface, described by 
the revolution of AM, about the circle MN, is cut by the 
primitive in a sub-contrary position (Conic Sections); there- 
fore the section mn is, in this case, likewise a circle. 

Cor. 1. — The centres, and poles of all circles, parallel to 

the primitive, have their projections in its centre. 
Cor. 2. — ^The centre, and poles of every circle, inclined 
to the primitive, have their projections in tie line of 
measures. 
CoR. 3. — ^All projected great circles cut the primitive in 
two points diametricaJly opposite ; and every circle in 
the plane of projection, which passes through the ex- 
tremities of a diameter of the primitive, or through the 
projections of two points that are diametrically opposite 
on the sphere, is the projection of some great circle. 
For the original great circles cut the primitive in two 
points diametrically opposite. 

Cor. 4. — ^A tangent to any circle of the sphere, which, 
does not pass through the projecting point, is projected 
into a tangent to that circle's projection; also, the 
circular projections of tangent circles touch one an- 
other. 
Cor. 5. — ^The extremities of the diameter, on the line of 
measures of any projected circle, are distant from the 
centre of the primitive, by the semi-tangents of the 
circle on the sphere's least and greatest distances from 
the pole opposite to the projecting point. 
Cor. 6. — ^The extremities of the diameter, on the line of 
measures of any projected great circle, are distant from 
the centre of the primitive, by the tangent and cotan- 
gent of half the complement of the great circle's incli- 
nation to the primitive. 
For BM (second figure) measures the inclination of the 
ezrde MN to the primitive BD, and MG \^ \te» <i«cs?^<ea^'!soSs«, 
and angle MAC ialf its complement. A\so,«vxwife^K^Ss.^ 
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right angle, EAN is the complement of MAC. Also mE 
is the tangent of MAC, and En its cotangent. 

Coil. 7. — The radius of any projected circle is eq\ial to 
half the sum, or half the difference, of the semi-tan- 
gents of the circle's least and greatest distances from the 
pole opposite to the projectmg point, according as the 
circle does or does not encompass the axis of the pri- 
mitive. 

PROPOSITION III. 
An angle, formed hj two tangents, at the same pcnnf; in 
i\xe surface of the sphere, is equal to the angle {ormeihf 
their projections. 

Let FGI and GH he the two tangents, and A the pro- 
jecting point ; let the plane AGF cut the sphere in the circle 
AGL, and the primitiye in the line BML. Also, let MN 
be the line of common section, of the plane AGH, with thii 
primitive. Then the angle FGH = LMN. If the plaie 
FGH he parallel to the primitive 
BLD, the proposition is manifest. 
Knot, through any point K, in AG 
produced, let the phme FKH, paral- 
lel to the primitive, he extended to 
meet FGH in the Ime FH. Then, 
because the plane AGF meets two 
parallel planes, BLD, FKH, the 
lines of common section, LM, FK, 
are parallel ; therefore the angle 
AML = AKF. But, since A is the 
pole of BLD, the cords, and conse- 
quently the arcs AB, AL, are equal ; and the arc ABG is! 
the sum of the arcs AL, BG. Draw GP parallel to fiL^ 
then the arc BG = LP ; for if B and P were joined, tllej 
alternate angles would be equal. Hence, the arc ABGpi. 
ALPi and the angle APG = AGP = AML = FKG. M, 
angle APG = AGI (PL Ge. IH. 32) = FGK. Consen'l 
(juently the angle FGK = FKG, and the side FQ,==FK;| 
in like mianner, HG = HK. Hence the triangl^" GBCrp[ 
KHF, '^e eqnal in every respect, and the an^l^ ^GH|^ 
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' 'Cob. 1. — An luigle, contained by anj two circles of the 
^here, is equal to the angle formed by their projec- 
tions. 
For, the tangents to these circles on the sphere are pro- 
jected into straight lines, which either coincide with, or are 
taiigents to, their projections on the primitive. 

Cob. 2. — An angle, contained by any two circleB of the 

Bphere, is ec^nal to the an|;le formed hy the radii of 

their projections, at the point of concourse. 

When one of the given projected circles is a diameter of 

tbe piimitiTe, for its radius a line perpendicular to it must 

be taken. 

PROPOSITION IV, 
/The centre of a great circle's projection is distant &om 
Hie centre of the primitiTe by the tangent of the great 
drde's inclination to the primitive, and' its radius is th0 
.secant of the same. 

Let A be the projecting point, ABC a great circle pass- 
Ing through it, perpendiciJar to the proposed great circle, 
KEL their line of com- ' ' 

mon section, and BED 
the line of common sec- 
don of ABCD, and the 
primitiTe. Then, because 
ABC is perpendicular at" 
both to the proposed great 
circle, and to the primi- 
tiTe, it is perpendicular 
to flieir Hne of common 

8e<tion, and consequently BE, EK, are likemse perpendi- 
cular to the same. Hence BEK is the angle of inclination 
of the proposed circle to the primitiTe, Let AK, AL, he 
drawn, and meet BQ in F, G ; the straight line FQ is the 
di^neter of the projection. Let it be bisected in H, and 
lei; A, H, be joined. Because FAO is a right utgle,' 
HA=JHF(IT. Cor. 5), and the angle HAF = HFA=. 
FEK?+FKE; from these equals, tekineftia tn^ mm^kv 
EAF, FKE, tiere remains H AE =. ¥^^ &a «»^ *^'^- 
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clination. And, in tlie right-angled triangle AEH, to lihe 
radius AE, EH, is the tangent, and AH the secant of HAE. 
CoR. 1. — All circles which pass through the points A, G, 
are the projections of great circles, and have their 
centres in the line BG. All circles which pass through 
the points F, G, are the projections of great CLFcles, and 
have their centres in the line H', perpendicular to BG. 
For, considering ABC as the primitire, any circle through 
A, C, is the projection of a great circle (St. Pr. II. Cor. 3). 
Let AFC he an arc of a circle descrihed on FG as a dia- 
meter ; then, because HA = HF, as was proved, the ciide 
cuts the primitiye in A, C, the extremities of a diameter. 
Let IHI' he perpendicular to FG, then, if an arc of a circle 
havmg its centre in II' pass through F, it must pass through 
G. Also the points K, L, of its intersection with tibe 
primitire, are diametrically opposite. For FE • EG = AE? 
= KE • EL ; and hence KEL is a diameter, and KFL is 
the projection of a great circle. 

CoR. 2.— It appears from this that IV is the locus of the 
centres of the projections of all great circles that pass 
through the pomt F. 
CoR. 3. — BK IS the measure of the inclination of the 

great circle to the primitive, and CS = 2 BK. 
For HAE = BEK ; therefore CS = 2 BK. 

PROPOSITION V. 
The centre of proiection of a small circle, perpendicular 
to the primitive, is distant from the centre of the primitire, 
the secant of the circle's distance fi^m its nearer pole, and 
the radius of projection, is the tangent of the same. 

Let ABCD be a great circle, passing through the pro- 
jecting point, and perpendicular to the proposed small circle, 
MOIn their line of common section, and BOD the line of 
common section of ABCD, and the primitive. Then BD 
is the axis, and O the centre of the small circle. Let AM 
and AN be drawn to meet BD in G, F ; FG is the diame- 
ter on the line of measures of the small circle's projectioa 
Let it be bisected in H, and EM, MH, joined. Then, be- 
€au^e jLB ; JBF = NO : OF, CE : EF = MO ; OF ; therefore 
tbejpointa C, F, M, are in astrso^t^e) ^s^^^^^c^^Xxn^ 
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Bne is perpendicolat to AO. Hence HK = HF = HG. 
Therefore angle O = HMG. But EA3I = EMA ; hence 

e:ma+hmq=:Eam 

+ O ^ a ri^t angle ; 
and hence GMH most 
be a right angle. Hence 
HM, the radius of pro- ^ 
jection, is the tangent 
of MD, the distance of 
tbe small circle irom its 
neaiest pole, and HE 
is the secant of the same. 

Cor. 1— EMH is a right angle, and EM, MH, are tan- 
gents to the two circles MFN and AMN. 

Cob. 2. — Any radius HI is a tangent to the great drde 
through the points B, I, D. 

For (St. Pr. 3) the two circles being perpendicular, bo 
are their projections, and hence also their radii at the point 
of intersection I. 

PROPOSITION VL 

The projections of the poles of any rirde, isdined to the 

primitive, are In the Une of measures distant from tbe centre 

of the primitiye, the tangent and cotangent of half its in- 



Because ABCD is perpendicular to tbe plane of the great 
rarcle KL (as in Prop. 4), it passes through its poles (which are 
also tbe poles of all its parcel small cirdes) ; let diese be p^ q, 
and let Ap, Xq, 
meet BB in P, Q, 
their projections. 
Then tbe quad- 
rants pK, CB, be- 
ing equal, and OK 
oonunon to both, 
bC will be equal to 
BK, which measures tbe inclination of the great circle (or 
its parallel smaH circles) to tbe primitive. Now, EP to tie 
ndiuB AE, is the tangent of ^ pC, ani Wi, \iift \ssii^«oS>. tS. 
igO, or cotaag&it o£ ^ pC, 
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Cor. 1. — ^Tbe projection of that pole wiach is adjacent 
to the projecting point, is without the primitiTe, and 
the projection of the other Trithin. 
Cor. 2. — ^The distances of eith^ projected pole from tlie 
centres of the primitiTe and projected great circle, are 
directly proportional to the radii of tliese circles. 
For AP bisects the angle EAIT (Pr. 1. 4, Cor. 3), and con- 
sequently AQ bisects the external angle EAR. Hence EF : 
PH = E A ; AH, and EQ : QH = EA 1 AH (PI. Ge. VL 3). 
Schot. — The projection of a drcle perpendicular to tie 
primitiTe is a diameter of it, and its poles are in the extre- 
mities of another diameter perpendicular to the fonaer. 

PROPOSITION TIL 
_ 1^ from either pole of a projected ^eat nrcle, two straight 
lines be drawn to meet the priimtire and the projection, 
they will intercept correspontUng arcs of these <3rcle8. 

From the pole P, of the projected great circle MLN, let 
ttere be drawn any two straight lines PL, PQ, meeting the 
primitiTe in R^ S, and the projection in L, Q; then shall 
the arc LQ be the projection ^ -•■"'""""--, 

of an arc equal to SS. 

For SS', RR', are the projec- 
tions of two circles (Pr, I. 1, 
Cor. 2), each of which passes / 
through a pole of the pri- \ i ^^ , 7, 
mitive, and a pole of the \^,,^<^ I A'""^-^/, 
great circle, and which there- '"' 

fore intercept equal arcs upon 
them (%p. Ge. 18). Now, RS 
is one of the intercepted arcs, and the other iaprojeiied 
into LQ. Hence LQ, RS, are corresponding arcs. 

Cor. — Hence, if, from the point where 5ie projections 

of two great circles intersect one another, two straight 

lines be drawn through their adjacent poles, these will 

intercept on the prinuti've an arc, which is the measuis 

of their inclination. 

For the point of intersection, being common to both cinde^ 

hat the distance of a qoadrant fromtbeii ^les ; it is therefore 

&e,j>ole of an arc of a great ciide ^aann^ 'Cbsira^'ftuijn 
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poles, and this arc on the sphere measures the inclmation 
of the circles. 

SchoL — The solutions of the following problems depend 
on the preceding principles : — 

PROBLEM I. 
To find the locus of the centres of the projections of all 
Hhe great circles that pass through a giren point. 

Let F be any given point within the primitive. 

Through F draw the diameter BM and AC perpendiculai 
to it ; draw AF and produce 
it to D; draw the diameter 
DL ; draw AL, and produce 
it to meet BM in G; bisect 
FG peipendicularly by II', b 
and ir is the required locus 
(Pr. I. 4, Cor. 2). Hence any 
circle PFN passing through 
F, and having its centre m 
Wiy point as I ia IHI', is the projection of a great circle. 

PROBLEM IL 
Through any two points in the plane of the primitive, to 
describe the projection of a great circle. 

1. When one of the points is in the centre of the primi-* 
tive. t 

Draw a diameter passing through the other point, and it 
will be the required projection. For the great circle passes 
through the pole of the primitive (Pr. I. 1, Cor. 3»). 

2. When one of the points is in the circumference, and 
the other is neither in the circumference nor in the centre. 

•' Let A and P be the two points, 
and ACBD the primitive. 

Draw the diameter AB, and de« 
scribe the circle APB through the 
liiree points A, P, B ; and it is the ^\ 
required drcle (Pr. I. 2, Cor. 3). 

3. When neither of the points is 
m. the centre ot circumference. 

Let F, G, be the given poinUi) ^ond 
ABC the pmnitire^ 
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Find IH tie locus of the centres of all tte projectionB of 
great circlea passing througli one of 
the points, as F (Pr. I. Prob. 1) ; join 
F, G, and bisect FG perpendicuWly 
by KH ; and the centre of eTCiy circle 
througli F and G is In KH ; but the b [. 
centre of the required circle is in IH, 
hence H is its centre; and a circle 
PFG through the two given points 
described from the centre H, is the 
circle required. 

PROBLEM UI. 

About some ^ren point, as a pole, to describe ibe pttgeo- 
tion of a great cu-cle. 

1. "When the given point !s the centre of the primidre. 
The required projection is eridently the primitxre itseE 

2. When the ^Ten point is in the circumference of lie 

Draw a diameter tluougli the given point, and anotiiet 
diameter perpendicular to the former; the latter diameter 
is the required projection. 

For, since the primitiTe passes through the pole of the 
required projection, its original circle must pass Uuvngh the 
pole of the primitive, and its projection is a diameter (ft. 
I. 2, Cor. 35. 

3. When the giren point is neither in the c^itre nor tlia 
circumferraice of the primitiTe. 

Let P be the given point, and 
ADBC the primitive. 

Through P draw the diameter AB, 
and CD perpendicular to it. Draw 
DP, and produce it to. E ; make the a[~ 
arc £F equal to a quadrant ; draw 
DF cutting AE in Gj and the cirde 
CGD through the points C, G, D, ia 
the required circle. 

For, conaideriDg AFB as the prinutiTe, and D its pole, 
IVr is eridenOy the projection of a (quadrant EF. Now, if 
ADBC be the primitive, since APB ^aaaea ^iaxciu^'%>^dh. 
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pole of the required circle, it must pass through C, D, the 
poles of AB. Hence the required dxcle must pass through 
C, G, and D. 

Cor. — Hence the method of finding the pole of a pro- 
jected great circle is eyident. 

1. When the projection is a diameter of the primitive, 
the extremities of the diameter perpendicular to it, are evi* 
dently its poles. 

2. When the given projection is inclined to the primitive, 
as CGD. 

Join C, D, and draw the diameter AB perpendicular to 
CD. Draw DG, and produce it to F ; make the arc FE a 
quadrant ; draw DE, cutting AB in P, and P is the pole of 
tne given circle. 

PROBLEM IV. 

To descrihe the projection of a small circle ahout some 
given point as a pole. 

1. When the pole is in the centre of the primitive, or the 
ordinal small circle parallel to the primitive. 

£et AB, CD, he two perpendicular diameters of the pri- 
mitive. Make C£ equal to the distance of the small circle 
firom its pole. Draw DE, cutting 
AB in F; from P as a centre, with 
the radius PF, descrihe the circle 
FGK; which will he the required 
projection. 

For PF is evidently the projection 
of CE, and the centre of the required 
circle is evidently in P. 

2. When the given pole is in the 
circumference of the primitive, or the 
original circle is perpendicular to the primitive. 

Let C he the given pole ; AB, CD, two perpendicular dia^ 
meters. Make CE equal to the distance of the circle from 
its pole. Draw EL a tangent to the primitive at E, and let 
it meet DC produced in L. A circle descrihed from the 
centre L, wim the radius LE^ namely^ MNE^ is the re<\aired 
circle (Pr. L 5), 




88 STEIUBOGRAPHIC PROJECTION OF THE BPHtOOLr 




3. When the pole Is neither in the centre nor (he cSr- 
cumference of the primitiye. ' 

Let P be the given point, and AB, CD, two perpendicular 
diameters of the primitiye. Draw CP, and produce it to 
E; lay off EF, EG, each equal to 
the distance of the circle from its 
pole; draw CF, CG cutting AB 
in H and I, and on HI, as a dia- 
meter, describe the circle HKI^ 
and it is the required projection. 
For if AB be the primitive, and G 
its pole; E the pole of a small 
circle, and F, G, two points in its 

circumference, then (F5:. I. 2, Cor. 5) HI is the diameter rf' 
its projection. Hence, if ACBD be the primitive, HI is 
evidently the diameter of the projected small circle, whose 
pole is P. ' 

CoR. — The method of finding the projected pole of a given 
projected small circle is manifest from this problem. 

1. When the small circle is concentric with the primitive, 
the centre of the latter is the projected pole of the former. 

2. When the small circle is perpendicular to the primi- 
tive, as MNE, its pole is in C, lie middle of the arc MCE. 

3. When the circle is inclined to the primitive, as HKI, 
draw a diameter AB through its centre, and CD perpendi- 
cular to it ; draw CH, CI cutting the primitive in F, G ; 
bisect FEG in E ; draw CE, and P is the required pole. 

PROBLEM V. 
To measure any given arc of a projected circle. 

1. If the giTen arc be a part of the 
primitive, it may be measured as the 
arc of any other circle. 

2. When the given arc is a part of 
a circle projected into a straight line. ^ 

Let KL be any given arc of the pro- 
jected circle AB; find C its pole (Pr. 
I. Prob. 3, Cor.), and draw CK, CL 
cutting the prjmitiye in F and G^ and 
J^Cfis tie measure of KL (Px. 1. 7> 
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3> Wben the ^Ten circle is inclined to the primitive. 

Let HI be the giTen arc of the projected circle AIB. 
Find P its ^e ; draw PH, PI cutting the primitiTe in D, 
E) and D£ is the measme of HI. 

PROBLEM VL 
To measure the projection of a spherical angle. 

1. When the circles containing the given angle are the 
primitire and a diameter of it. 

The angle is a right angle (Pr. 1. 1). 

2. When one of the circles is the primitive, and the othec 
is a circle inclined to it. 

Let AEB be the primitive, and AIB the other circle, and 
IAD the angle. Find F and C then; h a 

cenb'es ; draw AC, AF, and the angle 
CAF measures die ^ven ande (Pr. 
1. 3, Cor. 2). Or find F and P their 
poles i draw AP, AF cutting the pri- 
mitive in G and B, and GB meaai 
the given angle (Pr. I. ^, Cor.) 

3. When one of the circles i 
diameter of the primitive, and the 
otbex is inchned to the latter. 

Xiet AFB and AIB be the two cm:Ies, and FAI the given 
an^. 

Draw the radios AC of the circle AIB, and AH perpen- , 
dicular to AFB, and the angle HAC measures the given 
angle (Pr. I. 3, Cor. 2). Or find P and E the poles of the 
circles ; draw AE, AP, then GE measures the given angte. 

4. When both the circles are inclined to the primitive. 
Let ABD, A'BD', be the two circles, a ' . 

and ABA' the given angle. Find C, 
C, the centres of the, circles, then the -^ 
two radii drawn firom these to B, will / 
contain an angle CBC equal to that at f 
B. Or find P,F, the poles of the circles, \ 
and^hnes drawn fi-om B through these 
points, will intercept on the primitive ai 
arc which measures the given angle. 





PROBLEM rn. 

Through a given point in a givffli projected great dtcle, 
to describe the projection of another great circle, cutting dit 
former at a given angle. 

Let ABCD be the primitive, and Z the given angle. 

1. When the given circle Ib the primitive. 
Let A be the ^ven point ; draTv 

the perpendicdar diameters AC, BD; 
make angle EAF = Z ; and from F, 
BB a centre, irith a radius FA, de- 
scribe the circle AGC ; it is the re- j 
quired projection (Pr. I. 3, Cor, 2). 
When die angle is a right angle, 
the diameter AC is evidendj the re- 
quiredprojection. ■-■ 

2. When the given projected circle is a diameter of tk 
primitive. 

Let BD be the ^ven projection, and F the given point 
Find QH the locua of all the great 
drclea passing through F (Pr. 1. Prob. 
1); draw IL perpendicular to BD, 
and FH malting an angle LFH = Z ; 
from the centre H, with the radius ^l— 
HF, dcBcrihe the circle IFK ; it is the 
required projection (Pr, I, 3, Cor. 2). 

If the angle be a right angle, G is 
the centre, and AFC the required pro- 
jection, for angle LFQ- = a right 





angle. Or, e 



the required drde is, in this case, pa- 
" ■ AandC 



pendicular to BFD, it must pass through its poles 
Hence the circle A, F, C, passing 
through the three points A, F, C, is 
the required projection. 

3. When the given oirde is inclined 
to the primitive. 

Let AFC be the ^ven circle, and 

F the given point in it. Find EG 

tie locus of the centres of aiO. the gtwA 

cirdes passing through ^ (Pt. 1. 
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Prob. 1). Draw FH a radius of the given circle, and draw 
FG, making the angle GFH = Z ; from the centre G, with 
the radius GrO, describe IF£ ; and it is the required pro* 
jection (Pr. I. 3, Cor. 2). 

When the angle Z is a right angle, draw from F a line 
perpendicular to FH, and it will cut EG in the centre of 
the required circle. Or since, in this case, the required pro- 
jection must pass through the pole of AFC ; find its pole, 
and describe the projection of a great circle passing through 
this pole and the point F (Pr. I. Plob. 2), and it mil be 
the required circle. 

PROBLEM Vm. 
Through a given point in the plane of the primitive, to 
describe the projection of a great circle cutting that of an- 
other great circle at a given angle. 

Let AKB be the given circle, Z the given angle, and C 
the given point in the plane of the primitive AMB. 

Find F the pole of AKB, and about it describe a small 
drcle IGN, at a distance from its pole equal to the measure 
of angle Z. About the given point 
C, as a pole, describe a great circle 
LHM, intersecting the small circle 
in L and G. About either of these 
points, as G, for a pole, describe a 
great circle DCE, and it is the re- 
quired projection. For the circle 
DCE must pass through C, since C 
is at the distance of a quadrant 
from G, a point of the circle LGM. Also, the distance be- 
tween F and G, the poles of AKB and DCE, is the measure 
of the given angle, and hence the inclination of the circles 
is equal to that angle. 

SchoL 1. — ^Let an arc of a great circle FCK be described 
through F and C; then, FK and CH being quadrants, 
FH = CK. Now, FH must not exceed FN the measure 
of the angle, otherwise the circle LHM woidd not meet 
IGN, and the problem would be impossible. But CK =: FH ; 
therefore the distance of the given point from the ^\^w 
circle must not exceed the measuie of titie ^t^^^« 





ScAol. 2. — If the point G were in the centre of the fri- 
mitire, the oitcle LGSf would coinride iridi tin primitiTC. 
If C were in the drciunferraice of the primitive, the eitdf 
LOM would be a diameter perpeadiciuar to titat femog 
through C; 

FBOBLBH IX. 

To deHcribe the projection of a great circle that iball cot 
the primitive and a given great circle at given angles. 

Let ADB be the piiinitiYe, A£B the given mrde, and 
X, Y, the given angles, which the required circle makes 
respectively with these circles. 

About F, the pole of the primitive, describe a small dide 
at a distance eqW to the measure of a 

angle X, and about G, the pole of 
AEB, describe another small drcle at 
a distance equal to the measure of / 
angle y. Then from either of the |' 
pomts of intersection H, I, as I for a -. 
pole, describe the great circle CED, 
and it is the require dicle. For the 
Stances of its pole I from F and G, 
the poles of the given circles, are equal to the i 
pf the angles X and Y ; and therefore the inclinationa i^ 
CED to 5ie given circles are eq;ual to these angles. : -. x 

Schol. — W hen any of the angles exceeds a right angle, 
the distance of the small circle from its pole is greater thsn 
8 cfoadiant. The same small circle will be determined ^ 
finding the more remote pole, that is, the projection ofm 
p(de nearest to the projecting point, and then descrttnnvi 
small circle about it at a distance equal to the 8U|iplaBilnt 
of the measure of the angle. -. • . <' A 

EXERCISES. _ ; Ji :J 

1. If, from (me of the points, in which a pearpendidoUk 
email circle meets the primitive, a straight line be 'dtami'to 
aiiy.point in the circumference of its projeotioii, and (Ml 
tjnued to meet the diameter of the primitive that Ir ]tei^MP 
dicojar to the line of measures, the point of concotuv ^HIl 
be th^pqle of the projected great ckcle, iriiichfasses thKoaab 
the poles of the small circiti, utd tkat pjint intheieitcw 
■fe«oc»*(jtf projection., . -i v- w.■^ , ,>;.Wv 
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2. If two equal circles, one of wHch is parallel, and the 
oliher mdined to the primitire^ he projected, the distances 
•f the pole of the inclined projected circle, from the centres 
of the projections, will he directly proportional to the radii 
of these projected circles. 

3. If two equal circles, one of which is parallel, and the 
otilier inclined to the primitiye, be projected, straight lines, 
drawn through the pole of the inclined projected circle, wiQ 
intercept oorrespon<ung arcs on the projection. 



SECOND BOOK. 

ORTHOGRAPHIC PROJECTION OF THE SPHERE. 

In the orthographic projection of the sphere, the project- 
i>g point is stiU supposed to be in the axis of a great c&cle, 
assumed as the primitive or plane of projection ; hut at so 
great a distance, that a straight line drawn from it to any 
point of the sphere, may he considered as perpendicular to 
thejplane of the primitiye. 

' llie orthographic projection of any point, therefore, is 
where a perpen^cular from that point meets the primitive. 

PROPOSITION L 
Every great drcle, perpendicular to the primitive, is pro- 
leeted into a diameter of the primitive ; and every arc of it, rec- 
IcoDed from the pole of the primitive, is projected into its sine. 

JjA BFD he the primitive, and 
ABCD a great circle perpendicular 
to it, passii^ through its poles 
A* C ; ihen the diameter BED, 
widcii 19 their Hne of common sec- 
tion, win be the projection of the Bj 
sMeABOD. 

* Votf li inum any p<nnt as G, in 
ttm cnde ABC, a perpendicular 
OH AH xfosL BD, it wiU also be 

ferpefodicutur to iLe plane of the primitWe. HS^^s^^^x^'^ 

o 
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is the projection of G. Hence the whole circle is projected 
into BD, and any arc AG into EH = GI, its sine. 

Cor. 1.— -Eyery arc of the great circle, reckoned finom iia 
intersection with the primitiTe, is projected into its 
versed sine. 

Ck>R. 2.— -The orthographic projection of any point on the 
Bur&ce of the sphere, is, wi^ the primitiYe, distent 
from its centre, by the sine of that point's distance from 
either pole of ^eprimitiye. 

CoR. 3.— Eyery small circle, perpendicular to the primi- 
tiye, is projected into its. line of common section with 
the primitiye, which is also its ovm diameter; and 
eyery arc of the semicircle aboye the primitiye, reckoned 
from the middle point, is projected into its sine. 

Cor. 4.— *Eyery diamet^ of the primitiye is the projeo- 
tion of a great circle, and eyery other cord the pro- 
jection of a small circle. 

CoR. 5.-»A straight line, perpendicular to the prunitiye^' 
is projected into a point ; a parallel to the primitiye, into 
an equal line; and one inclined to the primitiye, into a 
less line, such that the radius is to the cosine of the 
inclination, as the inclined line to its projection* 

Cor. 6.-— a spherical angle, at the pole of the primitiye, 
also any rectilineal angle, whose plane is parallel to the 
primitiye, is projected into an equal angle. 

PROPOSITION n. 
A circle parallel to the primitiye is projected into a circle 
equal to itself, and concentric with the primitiye. 

Let the small circle FIG be parallel to the plane of the 
primitiye BND. The straight line HE, whidbi j<»ii8 their 
centres, is perpendicular to the 
primitive; therefore E is the 
projection of H. Let any radius 
HI and IN perpendicular to the 
TOimitiye be drawn. Then IN, 
HE, being parallel, are in the 
iSame plane; therefore IH, NE, 
the lines of oonamon section o£ \iie '^^Uae lE^ with two 
jmnUiel planes, are parallel, and ttxe figJa^lSE^ Sa ^1«^ 
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Idogram. Hence NE = IH, and conitequentlj FIG is pro- 
jected into an equal circle KNL, whose centre is E. 

Cor. — ^The rsidins of the projection is the cosine of the 

parallel's distance from the primitire, or the sine of its 

oistance from the pole of the primitiye. 

PROPOSITION ni. 
An inclined circle is projected into an ellipse, whose 
transverse axis is the diameter of the circle. 

Ccue 1. Let ELF be a great circle, inclined to the primi- 
tiye EBF, and EF their line of common section. From the 
centre C, and an j other point K, 
in EF, let the perpendiculars 
CB, KI, be raised in the plane 
of ihe primitiye, and CL, KN, 
in the plane' of the great circle, 

meeting the circumference in L^ 

N. Let LG, ND, be perpendi- ^ a ^ 

ssvlax to CB, KI ; then G, D, are the projections of L,. N. 
And because the triangles LOG, NIQ), are equiangdar, 
CL2 : CG^ = NK2 : DK^, or EC^ : CG* = EKF : DK^; 
tiierefore the points G, D, are in the curye of an ellipse, of 
which EF is the transyerse, and CG the semi-conjugate axis. 

CoR. 1. — In a projected great circle, the semi-conjugate 
axis is the cosine of the great circle s inclination to the 
primitiye. 

CoR. 2* — Perpendiculars to the transyerse axis intercept 
corresponding arcs of the projection, and the primitiye. 

Cor. 3.—- The eccentricity of the projection is me sin^ of 
the great circle's inclination to the primitive. 

For LG^ = LC2 — CG^ = EC^ ~ CG^ ; LG is therefore 
equal to Ihe eccentricity, and it is also =: Sin LCG. 

Case 2. Let AQB be a 
small circle, inclined to the 
primitive, and let the great 
circle LBM, perpendicular 
Uy both, intersect them in 
the lines AB, LM. From 
the centre 0,and any other 
poiii^ Nf, ia the diameter 
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AB, let the perpendiculars TOP^ NQ, beidlBwir.'ia the 
plane of tlie small circle, to meet its drcumferenee in T, P, Q« 
Also, frwn the points A, N, O, B, let AG, NI, OO, BH be 
drawn perpendicular to LM, and from P, Q, T, PE, QDy 
TF, perpendicular to the primitiye ; then G, I, G, H, E, D^ 
F, are the projections of these points. Because OP is pei« 
pendicular to LBM, and OC, PE, being peipendiculfur to 
the primitive, are in the same plane, the plane OOPE m 
perpendicular to LBM. But the primitiye is perpendicular 
to LBM. Therefore the line of common section EC is per- 
-pendicular to LBM, and to LM. Hence OP is a parallelo- 
gram, and EC = OP. In like manner, FC, DI, are proyed 
j^rpendicular to LM, and equal to OT, NQ. Urns, EOF 
IS a straight line, and equal to the diameter PT or AB. 
Let QR, DK, be parallel to AB, LM; then BO =: NQ=: 
DI=:KC, and PRRT=:EK'KF. But AG: 00 = 
:^0 : CI ; therefore AO^ : CG« = QR^ : DK^, or EC« : CG* 
= EK-KF:DK«. 

Cor. 1. — ^The transverse axis is to the conjugate, as ra- 
dius to the cosine of the circle's inclination to the pri- 
mitive. 
CoR. 2. — ^Half the transverse asds is the cosine of half 
the sum of the greatest and least distances of the small 
circle from the primitive. 
OoR. 3.-*-The extremities of the conjugj^te axis are in the 
line of measures distant from the centre of the primi- 
tive, by the cosines of the greatest and least distances 
of the small circle from the primitive. 
CoR. 4. — If, from the extremities of the conjugate axis 
. of any elliptical projection, perpendiculars be raised (in 
the same direction, if the circle do not intersect uie 
primitive, but, if otherwise, in opposite directions), they 
will intercept an arc of ^e primitive, whose cord is 
equal to the circle's diameter. 

PROPOSITION IV. 

The projected poles of an inclined circle are, in its line 
of measures, distant from the centre of the primitive, the 
fiiae of the circles inclination to the primitive. 

Let ABCD be a great circle, '(eT^^ii^Q>i\as^'W^\«^^ 



w 

primkire and the inclmed aide, and uttetvecdng them in 
tk« aameteiB AG, MN. Then _ b 

AfiCED paiSev thronsh the pole* 
air the inclined circle ; let &eae 
be P,' Q, and let P;>, QC, be per- 
pCBdiouliir to AO ;p,q,an the 
projected poles, and it is erident JX 
ftat /<) = Bin BP, or sin MA, ' "^ 
tfae tnclination. 

-^OoR. l^The centre of the 
mimidre, the centre of pro- 
jection, the projected poles, ^ 
') ^d the extremities of the conjugate axis, are all inf 
' ' ' one and the game straight line. 

-OoiL 2, — As radius is to the sine of a small circle'^ in^ 
" ' cHnatioa to the primitire, so is the cosine of its distant 
' jrom ite own pole to the distance of the centre of' its 
projection from the coitre of the primitire. 

OM : MG = OE : OF. -' 

EXERCISES. 

' 1. To describe the projection of a small circle parallel^to 

lite pixnitiTe, ita distance from, the pole of the primiliTe 




t'lr; 



r 12. To project an inclined nrcle, whose dist^ice &om.itB 
pole and inclination to the primitive, are given, 
r 3.. To find the poles of a given projection. 

4. To measure any port of a given projection. 
■ .B. In auT inclined circle, two diameters, which cot each 
odiec at right angles, are projected into conjugate diameters 
of the ellipse. 

-'t6. In every elliptical projection, half the transverse axis 
M tn the eccmtdcity, as racQos to the sine of the cirole's in- 
clination to the primitire j and h^lf the conjugate axis is to 
the eccentricity, as radius to the tangent ot the same. 

% Through two g^ven points, in the plane of the pnnii- 
tive, to describe the projection of a great circle. 

'8. Given the distance of a circle from its pole, and the 
projection of thSt pole, to describe tli« ^Toj^vsa. 'S. ft* 
a/ela; ■- ■■■■ ' ■ 
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' 9. Ilitough a giren point, in the plane of the jniliiitiTe^ 
to describe the projection of a great drde, haying a giyea 
inclination to the primitive. 



THIRD BOOK. 

PERPENDICULAR PROJECTION. 

DEFINITIONS. 

1. In Perpendicular Projection, the position of the point 
of si^ht is at an indefinitely great distance in the axis of the 
primitiye. 

2. The perpendicular projection of any point is called the 
Hat of that point. 

3. Two planes at right angles are sometimes assumed for 
planes of projection, and they are then called co-ordinate 
planes, 

4. When the two co-ordinate planesare a horizontal and 
a vertical plane, the projections on them are respectively 
called the horizontal and vertical projection. 

5. In the case of an object of a r^ular figure, sudi as a 
house, the horizontal projection is called the plan ^ and the 
yertical, the elevation. When the projection is that of a 
section, it is calkd a eeetion. 

CoR. 1. — A projecting line in peipendicular projection is 
a line drawn from the original point perpendicular to 
the primitive (Def. 1). 
GoR. 2. — ^If the seats of a x>oint on any two planes, not 
parallel, he given, the position of me point in space 
may be found ; for it vnJl be the point of intexsectioa 
of the two projecting lines drawn fix»ai the two seats. 
Cor. 3. — If the projections, on two planes, of all the re- 
markable points and lines of an object, be given, the 
figure and dimensions of the object may be determined. 
This method of projection is employed in the construction 
of plans and sections of houses, the plans of philosophical 
apparatus, and of yarious ob^ecto m en^neeim^ and car- 
pentrjr. 



? 
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PROPOSITION I. 
The projection of a line inclined to the piimitiTe 
than the line in the ratio of radius to the cosine of its ii 
tioB. 

Let AfB' be a line indmed to the primitiTe MB, and 
AB its projection, and A'G parallel to 
AB, then A'B' : AB = Radius : coane ' 
B'A'C. 

For, the projecting lines A'A, and 
B^B, being perpendicular to flie primi- 
tive, aro parallel; and the angles at A 
and B are right angles, and A'C is pa- 
rallel to AB ; therefore AG is a rectangle, and A'C :=: AB ; 
and the inclination of A'B' to A'C is the same as its incli- 
nation to AB or to the primitiTe. Also, A'B' : A'O ^ 
Badius : cosine BA'C ; or A'B' ; A"R =: Radius : cosine <f 
inclination. 

Cob. 1. — If a line parallel to the primitiTe join any two 
projecting lines, and if a line on the primitive paialld 
to it join the same lines, these lines, with the inter- 
cepted portions of the projecting lines, form a rectangle. 
For AC is a rectangle. 

Cor. 2. — The projection of a line parallel to the primi- 
tive, is eqW to the original. 
For the pojection of A'C is AB, and they are equal. 
OoK. 3. — ^The projection of a line perpendicular to the 

pimitiTe, is a point 
Fa: the projection of the line B'G is die point B. 

PROPOSITION n. 
The projection of a plane £gure parallel to the piimitive, 
Is a figure BiTnila r and equal to the original. 

Let ABCDE be the projection of ^ 
A'B'C'D'E', which is p^^el to the 
primitiTe, these figures aro similar and 



For the sides AB, BC, &c. aro 
equal to A'B', B'C, &c. (Pr. III. I, 
Cor. I). Also, if any pWie perpen- 
dicttkur to the primitive out the two tgoie* m'Wes.'S^t 




100 



PBRPENDICTLAR PROJECTION, 



BE) these lines are corresponding dimensions -of 'the i^o 
f^gureS) and they are equal. AhOy any two Mnes^ in one of 
the figures, as A'B', B'E', have the same indination sks the 
corresponding lines of the other figure AB, BE. ^ 

- Cob* — ^The intersection of the primitive, with a plane per- 
pendicular to it, is the projection of this plane*s mtcA:- 
section with any other plane or surfiice or solid figtire. 

PROPOSITION m. : 

If a plane figure be inclined to the primitive, any of ite 
dimensions pa^rallel to the line of common section of its 
plane with the primitive, is equal to its projection ; but any 
of its dimensions perpendicular to this line exceeds its pro* 
jection in the ratio of radius to the cosine of obliquity. 

Let ON be the intersection of a plane figure Tfith the 
primitive MR; A'B' a section 
of it by a projecting plane paral- 
lel to ON ; and C^D' a section 
of it by a projecting plane per- 
pendicular to ON, cutting ON 
in 0. Draw projecting lines 
from A', B', C, and D' ; and let 
AB be the projection of A'B' ; 
CD of CD' ; and OC of OC. 

Then, since ON is perpendicular to the plane ODD', it is 
so to the lines OD, OD' ; and therefore, the inclination of 
the plane of the figure with the primitive is measured by 
the angle DOD'. Now (Pr. III. 1) OD' : OD = Radius: 
cosine DOD' ; but OD' : OD = CD' : CD. Therefore 
CD' : CD = Radius : cosine DOD'. 

Again, since A'B' is parallel to AB, AB' is a rectangle, 
and AB = A'B'. 

CoR. 1. — ^The projection of a plane figure inclined to the 
primitive, is less than the original in the ratio of the 
radius to the cosine of obliquity. 
For every line perpendicular to the line of common sec- 
tion exceeds its projection in this ratio; and the lines 
parallel to the line of common section are equal to their pro-> 
Jeotions; hence the whole figure is ^e».tet than its projec- 
tion in tbia ratio. 
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o /,Co9^ 2«T— The jHTojectipn of a circle indined to tlie primi- 
) , » ^tive is aa dUpse, unless it be a subcontrarj section, in 
< . ■ • wluch case it is a circle. 

For, when its |»rojection is a subcontrary section of the 
cylindrical projecting surface, it is a circle (Conic Sections^ 
IV. 2). 

Agatin, when the circle is inclined, its diameter, which is 
paraUel to the line of conmion section of its plane with the 
primitiye, is projected into an equal line ; and all the dimen- 
clibns perpendicular to this line are projected into less lines 
m the ratio of radius to the cosine of obliquity. Hence the 
projection is an ellipse, of which the transverse axis is equal 
to the diameter of the circle, and its conjugate less in the 
preceding ratio. 

Cob. 3.*— The projection of a sphere is a circle of equal 
diameter. 



FOURTH BOOK. 

PERSPECTIVE, 

DEFINITIONS. 

1. The theory of Linear Perspective treats of the method 
of projecting objects on a vertical plane from some given 
point of sight. 

2. The plane of projection is also called the perspective 
plane^ or tiie plane of the picture, 

3. The point of sight is also called the point of view, 

4. The centre of the perspective plane is also called the 
centre^ the picture. 

5. The distance of the point of view from the primitive, 
is called the distance of the picture. 

6. A vertical plane passing through the axis of the pri- 
mitive, is called the vertical plane ; and a horizontal plane 
passing through it, is called the horizontal plane. 

7- The intersection of the primitive with the horizontal 
pl^ne, is called the horizontal line ; and its intersection with 
the vertical plane is called the vertical line, 

8. The intersection of the primitive yi\t\il\vR ^\aA^^i3sva% 
or that of the aensihlQ horizon, is caSle^ \^"^ gvo'uavdi \Vn^*- 



102' FEBSFBOnV& 

9. The intersection of the primitiye with a line from the 
point of view parallel to any original line, is called the «a- 
nUhing point of that line. 

10. Two points on the horizontal line, whose distances 
from the centre are equal to the distance of the picture, are 
called points of distance. 

PROPOSITION L 
If the distance between the centre and the seat of any 
point be cut in the ratio of the distance of the picture to thie 
distance of the point firom the piimitiTe, the point of section 
will be the perspective of the point 

Let MR be the primitiye, G its centre, S the point d 
sight, P' the given point, and N 
its seat. Then, if the point P in 
NO be taken so that CP : PN = 
SC : P'N, P is the perq)ective of s^ 
F. 

For SC and NP' are parallel, 
and therefore in the same plane, and they are in the same 
plane with CN. Also, the angles C and N are equal, being 
right angles, and SC : CP = P'N : NP ; and hence the tri- 
angles SCP and P'NP are similar. Therefore the angles 
at P are equal, and therefore SP, PP', are in one stra^ 
line ; and P is therefore the perspective of P'* 

PROPOSITION IL 
The sum of the distance of the picture, and the distance 
of any point from it, is to the distance of the picture, as the 
distance of that point from the vertical plane to the distance 
of its projection from the vertical line ; and also as the dis- 
tance of that point from the horizontal plane to the distance 
of its projection from the horizontal line. 

Let MR be the primitive, P' the given point, P its prch 
jection, and S the point of sight, and C the centre. 

Through P^ let a plane P'C' pass parallel to MR, cutting 

the horizontal and vertical planes in the lines B'C ana 

C'A', and in that plane draw P'A' and P^' parallel to the 

opposite sides of the figure P'C; join S and the points K, 

P^ A^ and lei these Imes cut th.e primitive in B^ P, A- 
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Because the opposite sides of the £gaze P'C are parallel, 
and the angle & a light angle, the figure is arectangle ; and 
PC being a section 
c^ the prism SA'B' 
by a plane parallel 
to the base, it is 
similar to the base^ 
and is therefore a 
rectangle. From si- 
milar triangles SO': 

SC = A'^:AC=P'B^PB; andSC':SC=:B'C':BC = 
P'A' : PA ; where FB' and PB are the distances of the 
point and its perspective firom the horizontal plane, and 
rA', PA, their distances from the vertical plane. 
Cor. — ^Let the distances of the perspective of the point 
from the horizontal and vertical planes be respectively 
V and ^9 and those of the point itself «/ and h\ the dis- 
tance of the picture dy and that of the point from the 
primitive/?, then 

_ _ , _ di/ 

a +p :d = V iv^ and v = 



also, d + pidzzzh' :hy and h = 



dhf 



d+p 



PROPOSITION m. 
To find the perspective of a point by means of a plane 
construction. 

Let MK be the primitive, C its centre, CD the horizontal 
Ike, D the point of distance, and GB the ground line. 

Produce the side KE, and make EA = /?, the point's 
distance beyond the plane, B.G its ^ ^ 

distance from the vertical plane 
passing through KE, and EH its 
distance above the ground plane. 

Make EB = EA ; and join C, E, 
and D, B ; through E draw EF pa- 
lallel to NE; join C, G; make P'G 
perpendicular to NE and = EH ; 
>iQ C, P'; and draw FP parallel to GY \ «si\^ %a.^^ 
petspeetire of the point. 




/f a 

D C 
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For F k evidently the seat of tlie point ; and GP : PF- 
CF : FG=CE : ER=CD : BR:=zd:j>. Hence (Pr. IV. 1) 
P is the perspective of the point. 

Cob. 1. — It is evident that the line EF is the locus of the 
perspective of all the points in the line drawn on tke 
ground plane parallel to the ground line, and at a dis- 
tance equal to RA from the primitive. 

CoR. 2. — ^The point F is evidently the perspective of the 
seat of the given point on the ground plane. 

Schol. — ^The lines BN, RK, are sometimes called the 
scale of the front and the scale of hei^hts^ and GR is called 
the Jlyin^^ scale. 

CoR. 3. — ^The perspective of the point may be found 
more simply thus :— Let CA be m 
the distance of the point from the 
horizontal plane, and AP' its dis- 
tance from the vertical plane, D 
the point of distance, AP' paral- 
lel to DC, and CA perpendicular 
to it. Make P'F equal to the distance of the point 
from the primitive ; join P', C, and D, F, then P is 
. the perspective of P . For F is evidently the seat of 
the given pomt, and CP : PP' = CD : FF ; and there^ 
fore P is the perspective of the given point (Pr. IV. 1)., 

PROPOSITION IV. 

The perspective of a plane figure parallel to the primi- 
tireis a similcur figure, the dimensions of which are to the 
corresponding dimensions of the given figure in the ratio' 
of the distance of the picture to the sum of the dist&nce (of 
the picture, and the distance of the point from the primitivewi 

Let S be the point of sight, and let the figure A1B'6' W 
parallel to MR, then it is evident (So. Ge. II. 14, Cor. 1): 
that ABC is similar to A'B'C' ; and that AC : A'C = SC i ■ 

Cor. 1. — ^The projection of a straight line is a strmgnt 
line, xmless it be directed to the eye, in which case it i| ' 
' a point . : 

Hie projecting sur&ce for Buy ^toi^ >2tafc «k iTK'Hi^ 
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evidently a plane SA'B', tlie intersection AB <^ which with 
the primitive is a straight line. 

When the line, as AD, is directed 

to S, its projection is the point A. 

Cob. 2. — ^The perspective of a 

straight line parallel to the 

primitive is paraUel to ihQ 

original. 

CoR. 3. — ^The perspective of a 

plane figure, whose plane passes through the point of 
sight, is a straight line. 
For the projecting surfaces of its houndaries evidently lie 
in one plane. 

PROPOSITION V. 

llie projection of a circle inclined to the primitive is an 
ellipse, unless it he a suhcontrary section of the projecting 
conical surface. 

The perspective ACBD of the inclined circle A'CBD' is 
an ellipse, unless it he a suhcontrary section. 

For ACBD is a section of the pro- 
jecting conical surface SA'B', and it 
is therefore an ellipse, imless it he a ^ 
suhcontrary section, in which case it 
is a circle (Conic Sections IV. 3). 

PROPOSITION VL 

The perspectives of parallel lines converge towards their 
vanishing point. 

Let A'B' and C'D' 
he two parallel lines, 
and V their vanish- 
ing point, their pro- 
jections AB and CD 
converge towards V. 

For since SV and 
A'B^ are parallel, the 
projecting plane of A'B' will pass throuffk SV^^aad. 'dijafc- 
£gre tfjocoiigh F; and henc^ the petsgeftto^ ^ K^ ^^aas«^ 
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iihrougb Y« Similarly it is shown tliat the peispectiTe of 
CD' passes through V. 

Cob. 1. — ^The perspectires of lines perpendicular to the 

pnmitiYe converge towards its centre* 
For the centre is their yanishing point. 

Cor. 2. — ^The perspectives of lines parallel to the primi- 

tive are paraJlel. 
For the yanishing point in this case is inHnitelj distaat 
It is evident also from Cor. 2 to Prop. IV. 

Cor. 3.— -The perspectives of parallel horizontal lines con- 
verge towards a point in the horizontal line. 

Cor. 4. — ^The perspectives of parallel lines that are also 
parallel to the vertical plane, converge towards a point 
'in the vertical line. 

' CoR 5. — ^The perspectives of horizontal lines, whose in- 
clination to the primitive is half a right angle, con- 
verge towards the point of distance. 

PROPOSITION VI. 

Given the perspective of a straight line and its yanishing 
point, to find a point in it, which is the perspective of a 
point in the original line, that divides it in a given ratio. 

Let AB he the given perspective, V the vanishing point, 
and P, Q, two lines in the given ratio. 

From V draw any line VS in the plane of the primitive, 
and take any point S in it ; ^ 
join S, A, and S, B, and pro- 
duce these lines. Tlirough A 
draw AHjparallel to SV, and 
divide AH in G, so that AG : 
GH = P:Q; joins, G, and 

the point of intersection C is 
the point required. 

>^ For through C draw DE 
parallel to SV ; then, from similar triangles AC : AV =DC: 
SV,andAC-SV = AVDC. Also CB : BV = CE : SV, 
and CBSV = BVCE. Also DO:CE = P:Q, and 

AV: BV=AY : BY ; tlieTefore ^,^\. O^- YI. 23, Oor. 1) 
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CB- SV = AV-DO:BV-CE; and therefore ACSV: 
CBSV=PAV:Q-BV;orAC:CB = P-AV:QBV. 

liet X and Y be the sides of two squares respeddyelj 
equal to the given rectangles P • AV and Q • BV, and let 
Z be a third proportional to X and Y* Then AC : CB = 
X^ : Y^ = X : Z. Hence diyide AB in C in the ratio of 
X to Z. \> 

The position of C, thus determined, is independent of the 
length and direction of SV ; and therefore SV may be drawn 
of any length and in any plane. Hence let S be the point 
of sight on the &rther side of the primitive. MR, and SV 
will then be parallel to the original line^ the extremities of 
which will lie in SA and SB produced. Let A'B' be the 
oriffinal line, then DE and AH are parallel to A'B' or SV, 
and these lines, with the given line AB, lie in one plane. 
Divide A'B' in C, so that A'O' : O'B' = P : Q ; then since 
DC : CE=: P: Q, if SC and CC be drawn, theywiU he in 
one straight line, and therefore C is the perspective of C 

PROPOSITION vn. 

' Given the perspective of a straight line which is divided 
into segments having a given ratio and its vanishing point ; 
to find those segments of its perspective, that are respec- 
tively the perspectives of the segments of the original Ime. 

Let AB be the given perspective, and V the vanishing 
point, and X, Y, Z, three lines in the ratio of three seg- 
ments into which the original line is divided. 

Draw VS parallel to the ground line PR, and take in it 
any convenient point S ; draw SA, SB, and produce them 
to E and F in PR. Divide m 
EF in G and H similarly to 
the original line ; joiA S, G, 
and S, H ; then AC^ CD, 
DB, axe ihe required s^- 
ments. 

For (Pr. ly. 6), since SV and EF are parallel, and EE 
is similarly divided to the original line; therefore C, D, are 
iihe perspectives of the points of secdon^^si^cni^aftn^^s^s!^ 
4Q CP, Pl^ are tJwwie of tbe seg^oaeatik oi 
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PBOPOSinON VIIL 

To fold the penpecdre of a rertical line <tf a giren iM^thf 
liaying giyen the perspectire of its base and the honsMMitd 
line in which the seat of its base is situated* 

Let P he the perspectire of its base, and AC the line in 
which its seat is. 

In the horizontal line HR take anj point V ; draw TP, 
and produce it to cut AC in A ; draw the yertical line AB 
equal to the nren line ; join Y^ 
B, and from r draw PN paral- 
lel to AB, and PN will be the 
required pern»ectiTe. 

For, join the point of sight S 
and Y, and draw AP' p^^el 
to SY, and AF will therefore 
lie in a horizontal plane con- 
taining the base of the given 
line, and it will also lie in the 
same plane with SY and AY. Join SP, and produce it to 
cut AP' iu P', which is the base of the siren line, since i^ 
must lie in the hne SP, and also in the plane PAC. Firan 
P' draw a rertical line P'N' to meet SN produosd in N'# 
Then FN' : PN = SF :SP = YA: YP = AB :PN; anA 
therefore AB = P'N', and P'N' is the giren line, and Acre-, 
fore PN is its perspectire. 
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DEFIKITIOKS. * 1 

1 . If a straight line and a point be given in position,, tile 
locus of a point which is equally distant from them, is a 
curre called a |>ara6o^ 

2. The giren line is named the direetruCf and the ptA 
point thejfSetit. ' 

3. The Mit0« of the parabola is the midflecffliepfacp^ 



fl*(iUB9X44. 



109 



dicular, yrhich fsJls upon the directruc from the focus : and 
HHt^pumf wprineipal diameten, is that part of the perpen* 
4ioiilai: ^prodiieed indefinitely which fiijls within the curve. ' 

4. Any stnd^t Jine^ drawn from a point in the corFei 
poraUql to thf axis, and in the same dnreotion, is called a 
^meter, and the point in the curve its vertex. 
% i 5l An lardinaU to a diameter is a stzaight line, tenninated 
«p/l>Qth sides hy tha curve, and bisected by that diamctere 
the part of the diameter which it cuts ofi^ is called an abscin* ' 

6. The parameter of a diameter is four times the distance 
of its vertex from the directrix. 1 

7n A tangent is a straight line, which meets the curve in 
one point only, and every where else falls vrithout it. i 

8. A iuhtangent is that part of a diameter which is intern 
ceptei' by a tangent, and an ordinate to that diametei} 
from the poxnt-of contact. \ 



PROPOSITION L 



Tjtie distance of a point from the focus is greater than it| 
^i^ce froih the directrix, if the point be without th^ pa-^ 
MibolzL' but less if it be within. ' , 

fry r; f ^X_ ' . . ■ 

jl^\ GTN be a parabola, whose directrix is AB, vertct 

fj^ancj. fccus F; and let P a a d o i SUC 

« jd jvoint without the curve, j^ . 

that IS, on the same side of 
the curve vnth the directrix : 
then, if PF be joined, and 
PQ be drawn perpendicular 
to AB, PF yrill be greater 
thanPQ. 

For, as PF necessarily cuts the curve, let G be the point 
of section, GD perpendicular to AB, and P, D, joined. 
Then, because GF = GD (I. Def. 1), PF = PG + GD. 
Hence PF is greater than PD (PI. Ge. I. 20), and conse- 
sSf/a^j. ptill greater than Pft (PL^Ge. L 1ft). - 
r jn^S^^^^^^y^ * P^Wib within. the cllrve^ The perpem- 
dicular OD, upon AB, necessarily cuts the cufYie 5 let G bt 
fte .joint ftsec^^pn^ ajad le^ GF».FO^ be joined. Then OD 
IS e<pial to the sum of OG, GF, and thereforo greater tha^i 
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Cor. 1. — A point is witliout, in, or within, the carre, ac- 
cording as its distance from the focus is greater, equal, 
or less, than its distance from the directrix. 
Cor. 2. — ^A perpendicular to the axis, at its rertex, is a 

tangent to the parahola. 
For HI = VO = VF, and VF -^ FH, therefore BI^ 
FH ; and hence (Cor. 1) H is without the curre* In a 
similar manner, erery other point of YH may be shoTm ta 
be without the curre ; therefore YH is a tangent. 

PROPOSITION n. 
Every straight line perpendicular to the directrix meets 
the parabola, and eyery diameter falls wholly within it. 

Let DQ be perpendicular to the directrix, at any point 
of it, then shsdl DG meet the curve (figure to next propo- 
sition). 

For, DF being joined, let the angle DFG be made equal 
to GDF, and let FG meet D& (PL Ge. I. 29, Cor.), which 
is parallel to FC, in G. The triangle DGF, having the 
angles at D and F equal, will also have the sides GD, GF, 
equal ; and therefore G is a point in the curve (1. 1, Cor. 1). 
' Again, the diameter GE fells wholly withm the curve 
(figure to last proposition). 

For, if any point O be assumed in it, it is evident that 
OD is greater than OF. 

Cor. — Hence, the two legs of the curve continually di- 
verge from the axis. 

PROPOSITION m. 
A straight line bisecting the angle formed by two linei 
drawn from the same point in the curve, the one to ^ 
focus, and the other perpendicular to the directrix, it a 
tangent to the parabola in that point. 

The straight line GE, bi- 
secting the angle DGF, is a 
tangent to the parabola in G. 
For, let H be any other 
point in GE, from which let 
there he drawn HF and HD, 
sbo HA j>erpendicular to 
AB. Then, because GE bi- 
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sects tlie reriical angle of tHe isosceles triangle GDF, it will 
also bisect the base DF at right angles (PL Ge. I. 4). 
Hence the triangles HED, HEF, are eqnal in every respeci. 
Thns, HF is eqnal to HD, and therefore greater than HA. 
Consequently; Che point H is without the curve (1. 1, Cor. 1). 
Cor. 1. — Hence the method of drawing a tangent from 

any point in the curve. 
Cor. 2. — ^If a straight line he drawn from the focus, to 
any point in the directrix, the perpendicular which 
bisects it will touch the parabola ; also, every perpen- 
dicular to it, which cuts the curve, will be nearer to 
ihe focus than to the point in the directrix. 
CoR. 3. — ^The parabola is concave towards the axis. 
For (Cor. 2) the tangent lies between the curve and the 
directrix ; the curve is therefore convex towards the direc- 
trix, or concave towards the axis. 

PROPOSITION IV. 
Every straight line, drawn through the focus of a para- 
bola, except the axis, meets the curve in two points. 

Let FQ be a line passing through the focus, FD perpen- 
dicular to it, DA, DE, each equal to DF ; AG, EH, parallel 
to CF, and intersected by 
FQ, in G, H ; and let the 
points AF be joined. Then, 
because DA is equal to DF, 
ihe an^es DAF, DFA, are 
equal; and these being taken 
from the right angles DAG, 
VFQ-f the remainders, the 
angles GAF, GFA, are equal. 

Wbience the sides GA, GF, are also equal, and therefore G 
a point in the curve (1. 1, Cor. 1). In the same manner, 
it may be shown that H is a point in the curve. 

Cob. — A straight line, making an indefinitely small angle 
with the axis, being produced, meets the curve ; hence 
the rate of divergency must be very smaU. 

For let MN be the given line. Through the focus draw 
GH parallel to it, then it will cut thft cajcv^VxsLV^Wi^^s^**- 
Tbioi^h one of these points, aa Cr, ^ixoffi ^(^ \aa^^^^3^- 
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which must be inclined to GH, and therefore to MN^ and 
will meet MN, if produced, in some point P ; and therefore 
MN must cut the cunre. 

PROPOSITION V. 
If, from any point in a parabola, a straight line be drawn, 
not parallel to a diameter, nor bisecting the angle formed 
bj two lines drawn from that point, the one to the fociu, 
«nd the other perpendicular to the directrix, it will meet the 
curre in one other point, and not in more than one. 

Let H be a point in the curve, and HG a line not parallel 
to OF, nor bisecting the angle EHF ; then HG BhsJl meet 
the curve in another point. 

For, let FL be perpendicular to GH, and it will meet 
AB (PL Ge. L 29, Cor), since GH is not parallel to CF; 
also, the point D, in which a md ts o b 
it meets AB, will be diflfer- 
ent from E ; since, if D, E, 
were the same, it woidd fol- 
low that HG bisects the 
angle EHF, contrary to the 
hypothesis (I. 3). 

Let DA = DE, and AG 
parallel to EH, meet HG in 
G, G will be a point in the / 
curve. For about the centre H, with the radius HE or HF, 
let a circle be described intersecting FD in K, and let an- 
other circle be described through the three points A, K, F. 
Then, because AB touches the circle EKF in E (PL Gel 
III. 16), the rectangle FD • DK = DE« (PL Ge. HI. 36) = 
DA^ ; hence DA is a tangent to the circle AKF (PL Ge. 
III. 37), aind therefore AG passes through its centre ; baf 
HL, which bisects the cord FIC, at right angles, also passei^ 
through its centre (PL Ge. III. 3) ; consequently G is the 
centre of the circle AKF. Whence GA = GF, and G d 
point in the parabola (1. 1, Cor. 1 ). If GH were to meet tW 
curve in another point, that point would be the centre oiH 
circle passing through F, K, and touching the line AB M 
a point different from A or E, which is impossible ; for if it 
touch AB in another point, as M, then FD • DK^£ DM**) 
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but FD ■ DK = D A» ; hence DM» = D A», or DM = D A^. . 
and M must coincide with A. 

Cor. 1. — If a jstiaight line be drawu through any point 

within the parabola, not parallel to a diameter, it will 

meet the curre in two points. 

For, if the line is not parallel to the directrix, it will meefc 

it if produced, and must therefore cut the curre in one point, . 

as H ; and hence may he found the points D, E, A, and 

therefore also the other point of intersectioti, as O. 

Cor. 2. — At the same point, in the curve, there cannot - 

be more than one tangent. 
Cob. 3. — A taogent bisects the angle formed by a stnught ~ 
line drawn to the focus, and another perpendicular to 
the directrix from the point of contact ; it also bisects, , 
and is perpendicular to the line that subtends that 
angle (Cor. 2, and I. 3). 
Cob. 4. — If a straight line from the focns be perpendi- 
cular to a cord, it will bisect that part of the directrix 
which ia intercepted bj perpendiculars filing upon it 
from the extremities of the cord ; and conversely. If 
FL be perpendicular to GH, it will bisect AE. For 
the circle EKF being described about the centre H, 
FL = LK, hence GK = GF, but GF = GA ; there- 
fore G ia the centre of the circle AKF, and DA' s 
FD-DK = DE». 

PROPOSITION VI. 
A Straight line terminated by the parabola, and parallel 
to a tangent, is an ordinate to the diameter that passes 
through the point of contact, 
trhe cord GH, parallel to 
^le tangent iiQ, will be bi- 
sected by the diameter MN. 
For, let GA, HE, be per- 
pendicular to AB, and let 
FD be perpendicular to and 
meet MQ, GH, in Q, L. 
^eD, because FD is perpen- 
dicular to HQ, it is also per- 
pendicular to OH, and there- 
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fore bisects AE in D (I. 5, Cor. 4). Whence, since AG, 

DN, EH, are paraUel, GH is bised^d in N (PL Ge. VL 2). 

Cor. 1. — An ordinate to any diameter ig parallel to the 

tangent at the vertex of that diameter. For, if GN = 

NH, then AD = DE ; therefore DF is perpendicular 

to GH (I. 6, Cor. 4), and GH paraUel to MQ. 

Cor. 2. — The straight line whidi bisects two parallel 

cords is a diameter. 

PROPOSITION vn. 

The square of a semi-ordinate, to any diameter, is eqiial 
to the rectangle under the parameter of that diameter, and 
the corresponding absciss. 

Ca84 1. Let GNH be an ordinate to the aads ; then 6N^ 
= 4C V • VN. 

For, GN2 = GP — FN? : but GF = GD r= CN; there- 
fore GN2 = CN2 _ FN2 = 
(CN + FN) (CN— FN)(PL 
Ge. II. 5, Cor.) = 2VN • CF, 
and because 2VN : VN = 
4C V : CF, 2 VN • CF = 4C V • 
VN. HenceGN2=4CV-VN- 

Case 2. Let GNH (figure 
to last proposition) be an ordi- 
nate to any other diameter 
MK. ThenGN2=4DM-MN. 

For, let the tangent MQ, the perpendiculars GA, GK, HE, 
■and the lines DIl, HF, FD, be drawn. Then, became the 
right-angled triangles FCD, DLN, are equiangular, and MQ, 
LN, parallel, DF : FC = DN : DL = MN : LQ, therefore DF' 
LQ=FC • MN (PI. Ge. VL 16), and 2DF • LQ (= 2FC • MN) 
=4CVMN. But 2DF-LQ=DH2 — HF2 (PL G^. U. c) 
= DE2 = D A2 = GK2. Consequently, GK« = 4C V • MN. 

Again, from the similar triangles DFC, DQM^ we haye 
CF : FD = DQ : DM, therefore (PI. Ge. V. 15) CV : DQ 
= DQ: DM, and CV: DM = DQ^ : DM^ (PL Ge. VI. 20, 
Cor. 3). But, from the similar triangles GKN, DQM, GK^ : 
GN2 = DQ2 : DM« (PL Ge. V. 11). Whence GK« : GUP 
= CV : DM = 4CV • MN : 4DM • MN. But GK^s 4CV- 
MN, consequently GN^ = 4DM • MN. 
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Cob. 1. — ^The square of a perpendicular, upon any dia- 
meter, from a point in the cunre, is equal to the rect* 
angle under the parameter of the axis, and the ahsciss 
corresponding to the ordinate from the same point. 
For it was proved that GK* = 4CV • MN. 
Gob. 2.-— If there be two diameters, and from the vertex 
of each a semi-ordinate he applied to the other, the ab- 
scisses will be equal. 
For, let DB[, and EH, produced (figure to proposition VI.) 
be the diameters ; then GH is an ordinate to DK, and one 
from M applied to EH will be the other. Let the perpen- 
dicular GK upon DK be called P ; and that from M upon 
EH, F ; the abscissa MN, A ; and that of EH, A'. Then 
(Cor. 1)4A • CV = P2, and4A' • CV =z P'*; but since GN 
±= NH, the perpendiculars P and P' are equal (PL Ge. I. 
26) ; hence F* = F^; and therefore 4A • CV =4A' • CV, 
orA = A'. 

Cob. 3.-— The square of that part of a tangent, between 
the point of contact and any diameter, is equal to the 
rectangle imder the external segment of that diameter, 
and the parameter of the diameter which passes through 
the point of contact. 
For RM = GN, and RG = MN (figure to proposition VI.) 
Cob. 4. — ^The squares of ordinates, or semi-ordinates, to 
anj diameter, are to one another as their corresponding 
ahscisses ; and the squares of perpendiculars, from the 
same points, are in the same ratio. 
Let O, O', be two semi-ordinates to the same diameter ; 
A, A^ the corresponding abscisses, and P the parameter of 
thediameter. Then O^ = P • A, and O^ = P • A' ; there- 
fore 02 : 0^2 = P • A : P • A' = A : A' (PL Ge. VI. 1). 
Cob. 5. — ^If the squares of parallel lines, drawn from cer- 
tain points, to meet a line given in position^ be to one 
another as the parts they cut off towards one extremity, 
: these points will be in the curve of a parabola, which 
has the given line for a diameter. 
For if the parallel lines be considered as ordinates, and 
lihe segments cut off from the given line as abscissas, it fol- 
lows (Cor. 4) that the given line is a diameter to a parabola 
passing through the extremities of the -ordinates. 
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PROPOSITION vni. 

A subtangent, upon any diameter, is biseciedin Uie yertex 
of tbat diameter. 

Let the tangent GM meet any diameter YN in M, and 
let GN be an ordinate to it, from tbe point of contact, tlM 
subtangent MN is bisected in V (figure to proposition VII.) 
For, let the diameter GL, ana its semi-ordinate YL, be 
drawn, then is the absciss GL = VN (I. 7^ Cor. 2) ; but, 
since LM is a parallelogram (I. 6, Cor. 1), GL = MV; 
therefore M V = VN. 

Cor. 1. — ^That part of the axis, between the focus and 
any tangent, is ^ of the parameter of the diameter pass- 
ing through the point of contact. 
Cor. 2. — ^If MV = VN, and GN a semi-ordinate, ihes 
GM is a tangent, or, if GM be a tangent, GN is a 
semi-ordinate. 

PROPOSITION IX. 
That ordinate of a diameter which passes through the 
focus, is equal to its parameter. 

Let GE be any diameter, and RE the semi-ordinate to it, 
which passes through the focus ; then 2E.E = 4GD (figure 
to proposition VII). 

. For EE2 = 4GD • GE (I. 7) ; but GE = FM = QD 
(I. 8, Cor. 1). Therefore RE^ = 4GDa, RE = 2GD, and 
2RE ^ 4GD. 

CoR. — If an ordinate to any diameter pass through the 
focus, the absciss will be equal to the distance of fthe 
vertex firom the focus. :» 

PROPOSITION X. 
-^ If from any point in the parabola, a parallel to a di^ 
meter be drawn to meet an ordinate to the same, the rect- 
angle under the parameter of the diameter and the parallel 
will be equal to the rectangle under the segments of ,the 
ordinate. ., ^ 

. From any point H) in the cunre^ let HE be drawn pei»lM 
to the diameter VN, to meet its ordinate GQ.iaiQj .tbw 
P-HE=.GE-EQ. :., ,w a. ^1110^ 
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For, let the Bemi-ordinate HK be drawn ; then ON' =: 
P • VN (I. 7), and HK2 = 
f • VK (PL Ge. II. 5, Cor.) ; 
therefore GN* — HK^ = P • 
KN, or (GN + HK)-(GN 
~HK) = PHE; that is, 
P-HE = GEEQ. 

CoR. 1. — ^The parameter of 
any diameter is to the 
sum of two semi-ordi- 
nates as their difference 
i to the difference of their 
ahscisses 
For P • HE = EG • EQ z= (GN + HK) (GN— HK). 
Therefore (PL Ge. VI. 16), P : GN + HK = GN — HK : 
HE, and HE = VN — VK. 

Cob. 2. — Straight lines, drawn parallel to a diameter, 

from points in the curve, to meet any cord, are to one 

another as the rectangles under the segments of the cord. 

For let P he the parameter of the diameter ; L, L', two 

of the parallel lines ; and R, R', the rectangles under the 

corresponding se^ents of the cord, then P • L = R, P • L' 

= R', therefore P • L : P • L' = R : R', or (PL Ge. VI. 1) 

L:L'=R:R'. 

' Cor. 3. — If two parallel cords meet any diameter, the 
rectangles under their segments will be to each othet 
directly as the parts of the diameter which they intcfr* 
cept from the vertex. ' 

' For Let S and S' be the segments cut off from the dia- 
meter ; R and R' the rectangles under the segments of the 
cords ; and P the parameter of the diameter to which the 
Qords are ordinates. Then P • S = R^ and P • S' s=.R' ; 
tJiereforeR:R'=P-S:P-S' = S:S'. . , 

PROPOSITION XI. 

If a diameter be cut by any straight line passing through 

two points in the parabola, the part intercepted from the 

'Vertex will be a mean proportional between the absciisses 

^^tortesponding to the two ordinates drawn from the same 

points in the curve. - - 
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Let G, H, be two points in the cimre^ and ihe line GE 
cut the diameter VN in O ; 
also, let the semi-ordinates 
GN, HK, be drawn; then 
VN : VO = VO : VK (see 
also figure to proposition X). 

For VN : VK = GN* : 
HK2 (I. 7, Cor. 4) = GO* : 
HO* = ON* : OK* ; and VN 
is divided in and K, so that 
VN, VO, and VK, are in continued proportio n. I f not, 
let it be divided in 0', so that VN : VO' = VO' : VK; then 
by conversion VN : O'N = VO' : O'K ; by alternation VN : 
VO' = O'N : O'K, and (PL Ge. VI. 22 Cor.) VN* : V0'« 
5= O'N* : O'K*. But (PL Ge. VI. 20, Cor. 2 and 3) VN : 
VK = VN* : VO'*, therefore VN : VK = O'N* : 015?. 
= 0N*:0K*. Hence O'N : O'K = ON : OK; and, by 
composition, KN : O'N = KN : ON; hence O'N = ON, 
and the point O' must coincide with O; iharefore VN-' 
VO=VO:VK. 

PROPOSITION xn. 

Any two cords which intersect each other in the focus of 
a parabola, are to one another directly as the rectangles 
^nder their segments. 

Let the cords GH and PQ intersect one another in the 
fi)cus F, then GH : PQ = 
GF-rH:PFFQ. 

For, since GH and PQ are 
equal to the parameters of the 
diameters to which they are 
ordinates (I. 9), GH • VF = 
GF • FH (1. 10), and PQ • VF 0> 
=: PF • FQ; consequently, 
;GH:PQ=:GF-FH:PF-Fa 

CoB. — If two cords intersect in any point, the rectangles 
under their s^ments are to one another as the para- 
meters of those diameters to which they are ordinates. 
. For let the rectangles under the segments of the two in- 
tersecting cords be denoted by B and B' ; and the para-' 
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metera of the diameters, to which the^ aie ordinateB, hj F 
and P" ; and L a line dxaim from tlwir point of intetsec- 
idoB to the cnrre paralld to the axis ; then (I, 10) R : K' 
= P-L:F-L = P:F(Pl.Ge.VLl). 
pKOPosmoN xin. 

If from sny point xa a parabola, an ordinate be drawn to 
a diameter, and a tangent to the dure from the same point j 
and if a drcle be described, baring the ordinate for a tan- 
gent, and the fonrtb part of the paiameter of &.e diameter 
throngh the given point as a cord ; a diameter to the para- 
bola paaaing througn the point of intersection of the tangent 
and the circle, will cut off a fourth part of the ordinate 

Liet Ti^TT be a tangent at Ihe point E, and EG an ordinate 
to the diameter HM of a parabola ; VTK a aide, haying 
EK for a cord, and EG for a 
tangent ; and IL a diameter 
through I ; then EG = 4EL. 

The two triangles EKI, 

RH W| are similar, because the 

alternate angles KEI, EHM, 

are equal, and angles EEI, 

HEM, are equal {PL Ge. lU. 

32) ; therefore KE : IE = 

EH:MH,orKE:IE=EH: 

2VH(I.8). Therefore 2KE • 

TH := IE • EH, but 4KE - EN 

= NV« Q. 7) —'EW; and 

hence 2IE ■ EH = EH» = EH • EH ; and therefore 2[E 

= EH. Since EH is bisected in I, therefore EL = JM, 

or4EL = EG. 

EXERCISES. 

1. Any strai^t line, drawn from the £xnu of a par^Ia 
to a point in the directrix, is a mean proportioiial between 
half the parameters of the diamet^s yAdeh pass through its 




2. If from any point in the parabola, a tangent, Knu- 
ordinate, and perpendicular, be drawn to meet the same 
diameter, their squares will be to one another as the para* 
meters tk three diameten, that which paases through the 
punt of contact, that wIucIl they meet, and, the sxia. 



120 CONIC SECTIONS. 

3. If through the focus of a parabola a semi-<»rdinate be 
applied to the axis, and from its extremity a tangent be 
drawn to meet another semi-ordinate produced ; then shall 
the produced semi-ordinate be equal to the line joining its 
extremity in the cuire and the focus. 

4. If a tangent be drawn from any point in the cunre, to 
meet the axis produced, and from the point of contact a 
perpendicular to the tangent, and a semi-ordinate to the 
axis, be drawn ; then the segment of the axis between tiie 
perpendicular and semi-ordmate will be equal to half the 

Sarameter of the axis, and the segment between the perpen- 
icular and tangent equal to half the parameter of tiie dia- . 
meter which passes through the point of contact. 

5. To find the directrix and focus of a parabola given in 
position. 

6. If firom the vertex of any diameter, a straight line he 
drawn to the extremity of a semi-ordinate so as to meet ash 
other semi-ordinate, the latter will be a mean proportional 
between its segments next the diameter and the former. 

7« A diameter of a parabola, the tangent at the vertex of 
that diameter, and a point in the curve, being given, to find 
the directrix and focus. 

8. If from any point in a tangent, a parallel to the dia- 
meter passing through the point of contact be draym to meet 
an ordinate of the same, the rectangle under the parallel, 
and its external segment, will be equal to the square of that 
part of it that is between the curve, and the line joining the 
vertex of the diameter, and either extremity of its ordinate. 

9. The focus and directrix of a parabola being given, to 
draw a tangent to the curve parallel to a line given in posi- 
tion that is not perpendicular to the directrix. 

10. If there be two tangents to a parabola, such, that the 
straight line joining their points of contact pass through the 
focus, thev will cut each other at right angles, their inter- 
section will be in the directrix, and the line joining it with 
the focus will be perpendicidar to the line joining the points 
of contact. 

11. From a given point, in a given parabola, to draw a 
iangent ^tbout finding tke focus. 

i5. Two parabolas of eqiial paxamet^i^ Vwfli%^«tt\«s«K 
^ the same Jtine, and in llxe Bam^ toeft\iaii^\s^^^«a.T«r 
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iices at different points, being produced indefinitely, conti- 
nually approach, but never meet. 

13. In a giyen parabola to find a diameter that makes a 
giyen angle with its ordinates. 

14. K from any point in a tangent, a straight line be 
dravni, to meet the curre and the <Sameter passing through 
the point of contact, the square of its segment, between me 
tangent and the diameter, will be equal to the rectangle 
under its segments between the tangent and the points in 
the curve. 

15. The focus and directrix of a parabola being given, to 
draw a tangent to the curve firom a given point without it, ' 

16. If from a point in a parabola, a semi-ordinate be ap- 
plied to a diameter, and from the same point any other 
straight line be drawn to meet it, the square of this Ime will 
be equal to the rectangle under the absciss of that diameter, 
and the parameter of the diameter to which the straight 
line, when produced, is an ordinate. 

17. If fi^om porats in the curve, two tangents be drawn 
to meet, their squares will be to each other as the parame- 
ters of the diameters passing through the points of contact. 

18. If two tangents, and the line joining their points of 
contact, meet the same diameter, the segment of the dia- 
meter, intercepted by this line from the vertex, will be a 
mean proportional between those intercepted by the tan- 
gents. 



SECOND BOOK. h 

ELLIPSE. 
DEFIXITIONS. ' ^ 

1. If two points be given in position, the locus of a pointy 
tiie sum of whose distances from them is always the s^nie,^ 
iil A'Ctirve called an ellipse. 

2. The given points are named the foci, and the mid^e 
<tf the lin6 that joins them, the centre of the ellipse.' 

3. The distance of the centre trotCL oxkft ^1 ^^ Hacv.Ns» 
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4. A diameter is a straight line drawn through the centre, 
and terminated on both sides by the curve. 

5. The diameter which passes through the foci is named 
the transverse or major axis, and that which is perpendi- 
colar to it, the conjugate or mirior axis. 

6. An ordinate to a diameter is a straight line not passh 
ing through the centre, but terminated hj the curve, and 
bisected by the diameter. 

7> Two diameters are said to be conjugate to one another 
when each is parallel to the ordinates of the other. 

8. The parameter of a diameter is a third proportional to 
that diameter and its conjugate. 

PROPOSITION I. 
If from any point in an ellipse, straight Unes be drawn to 
the foci, their sum is equal to the transverse axis. 

Let EFGH be an ellipse, of which £F is the transvene, 
and GH the conjugate axis, 
A, B, the fod, and D any point 
in the curve ; then AD + 
DB = EF. 

ForEA+EB=FA + FB; eI 
hence AE = BF, and AD + 
DB = EA + EB (II. Def. 1 ) 
= EF. 
Cor. I.-— If two straight 

lines be drawn to the foci, from a point without the 
ellipse, their sum is greater than the transverse ; but, 
if from a point within it, less. 
For AP + PB = AD + DP + PB. But DP + PB::::^ 
DB; therefore AP + PB :^ AD + DB, or AP + PB:^^ 
EF. And it is similarly shown that AQ + QB ..^ EF. 
Cor. 2. — ^A point is without, in, or witlun the curve, ac- 
cording as the sum of the lines drawn to the fod is 
greater, equal, or less, than the transverse axis. 
CoR. 3. — The distance of either extremity of the conju- 
gate axis, from one of the foci, is equal to half the 
transverse 
For ifQBhe joined, tlie tAas\^\e^ ACG, BCG, are equal 
(U. Def. 2 and 5, and PI. Ge. 1. ^ \ \k«t^i«ttj, i^^:=iQ& 
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BatEF = AG + OB=:2AG or 2GB. It is Bimilarly 
proYed tliat EF = 2 AH or 2BH. 
Cob. 4.— -The transYerse and conjugate axis are bisected 
ifi i)li A centre 

AC = CB (11. Def. 2), and EA = BF ; therefore EC = 
CF. Also in the triangles ACG, ACH, AG = AH, there- 
fore the angles at G and H are eqnal, those at C are right 
angles, and AC is common; hence (PL Ge. 1. 26) CG = CH. 
Cob. 5. — ^A perpendicular to the transYcrse at one of its 

extremities is a tangent to the ellipse. 
For if I he a point in mat perpendictdar, AI z^ AF, and 
BI:::?-BF; therefore AI + IB :::^ AF + FB or EF. 
Cob. 6. — ^The square of half the conjugate axis is equal 
to the rectangle under the segments into which the 
transYerse is diYided in one of uie fod. 
For CG* = AG^ — AC^ = EC* — AC^ = EA • AF, or 
KB-BF(PLGe.n.5,Cor.) 
Cob. 7-— *The distance of the fod is a mean proportional 
between the sum and difference of the transYerse and 
conjugate axis. 
For AC* = AG^ ~ GC* = (AG + GC) (AG — GC) 
(Pl.Ge.II.5,Cor),orAG + GC:AC = AC:AG — GCj 
and the doubles of these terms are also proportional. 

PROPOSITION n. 

The straight line which bisects the angle adjacent to that 
which is contained bj two straight lines, drawn from any 
point in the ellipse to the foci, is a tangent to the curve in 
that point. 

Let D be any point 
iu ihe curYe,'^ifrom 
which AD, DB, are 
drawn to the foci, and 
let the angle BDI ad- 
jacent to ADB, be bi- 
sected by the line DT ; 
then is DT a tangent ^ 
to th^ ellipse in the 
point D. 

Fai> let any oiket 
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point R be assumed in DT, and DI being made eqoal to 
DB, let BI, KA, BB, and HI, be drawn. The line DNT, 
which bisects the rertical angle of the isosceles tnangle 
BDI, also bisects the base BI at right angles. Hence 
£B = BI (PL Ge. 1. 4), and AB + KB = AB + BI, and 
therefore greater than AI (Pl.Ge.L20) or fiF (II. 1). Con- 
sequently the point B is without the ellipse (it. 1, Cor. 2). 
CoR. 1. — ^A perpendicular to the conjugate axis, at one 

of its extremities, is a tangent to the ellipse. 
For this line bisects the angle adjacent to uiat formed by 
lines drawn to the foci from mis point. 

Cob. 2. — ^The method of drawing a tangent from a ^en 

point in the curre, also of drawing a tangent ptfaDd 

to a line given in position, is eyident. 

When the tangent is to be parallel to a giyen line, draw 

from the focus B a line BI perpendicular to the line, and 

make AI = EF ; join AI, and D will be the point of contact 

CoR. 3. — ^There cannot be more than one tangent to the 

ellipse at the same point. 
For the sum AD + DB of the lines from A and B, to a 
point D in BN, which make equal angles with it, is less 
than the sum of any other two lines drawn from A and Bto 
any other point as B in BN. Now, if another tangent can 
be drawn through D, AD and DB would not make equal 
angles with it, but some other two lines AD', D'B, to some 
pomt D' in it, would make equal angles with it. But AIV 
+ D'B would be less than AD + DB, and hence the point 
D' would be within the curye (U. 1, Cor. 2), and the fine 
would not be a tangent. 

Cor. 4. — £yery tangent bisects the angle adjacent toibat 
contained by straight lines drawn to the foci from the 
point of contact, or, which is the same, these lines 
make equal angles with the tangent. 
Cob. 5. — ^A straight line drawn from the centre to meet 
a tangent, and parallel to the line joining the point of 
contact, and one of the foci, is equal to half the trani- 
yerse axis. 
For, since BC = CA, and BN = NI, the line that joini 
CN will be parallel to AD, and equal to the half of AL 
Cob. d.— a perpendicular to a tangent, from one of the 
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foci, and a parallel to the line joining the other focus, 
and the point of contact from the centre, meet the 
tangent in the same point. 
Cob. 7* — ^If a cord pass through one of the foci, and the 
tangents at its extremities he produced to meet, the 
straight line that joins the point of concourse and the 
focus, will he perpendicular to the cord. 
Let the tangents at the extremes of the cord DBO, pass- 
ing through ^e focus, meet in the point T, and let a line 
TI be perpendicular to AD ; then, because DT, TO, bisect 
the exterior angles of the triangle ADO, AI is equal to half 
its perimeter (PL Ge. VI. h) = AD + DB. Hence DB = 
i)Ii and triangles TDI, TDB, equal in eyerj respect, and 
angle TBD = TID, or a right angle. 

PROPOSITION IIL 
From any point in an ellipse, a perpendicular being let 
fill upon the transyerse, and straight lines drawn to the foci, 
as hau the transverse is to the eccentricity, so is the distance 
of the centre from the perpendicular to half the difference 
of the straight lines drawn to the foci. 

lict D be the point in the curre, from which DA, DB^ 
are drawn to the foci, and DK 
perpendicular to £F, then OF : 
CB = CK:i(AD — DB). 
. JFor, let EL = AD, then LF 
= DB, and 2CL = AD — 
DB. But (AD + DB) • ( AD 
— DB) = AB • 2CK (PL Ge. 
n. c), or EF • 2CL = AB • 
2CK; therefore EF : AB = 
2CK : 20L, and CF : CB = CK : CL. 

PROPOSITION IV. 
Any two cords which pass through one of the foci of an 
ellipse, axe to one another directly as the rectangles under 
their segments. 

Let DO, MI, be the two cords passing through the focus 
B, DO : MI = DB • BO : MB • BI. 
Fpr, let the tangents at D, O, m^^t ^^^cl ^^^Ctksst \s^^^ 

i 





}2S CONW BBtmOVB. 

tlironglL C let NQ 1>e drawn parallel to DO, meeting the 

tangents in N, Q, and let RB meet NQ in P. It Laa been 

proTed that CN or CQ 

= CF (11. 2, Cor. 6); 

therefore NQ = EF; 

that CF : CB = CK ; 

CL (II. 3), theie&re , 

CF-CL = CB-CK,and 

that DBR, or DBF, is a 

>ightangle(II.2,Cor.7); 

ibeiefore the tiiangles 

DBK, BOP, are BiniiUr, and DB ■ CP = BC • BK (PI. Ge. 

TI.4andI6). Hence CP = CF ■ CL + CF ■ LF (PI 

Qe.IL2) = BC-CK + DB-C<l = BC-CK: + BC-i3K 

+ BDPQ = BO'+DB-PQ, andDB-PQ = CP- 

BC* = EB ■ BF (PI. Ge. H. 6, Cor). 

But DO : NQ = BO : PQ = DB ■ BO : DB ■ PQ. 

Therefore DO : EF = DB ■ BO : EB • BF. 

In like manner EF : MI = EB ■ BF : MI - BI. 

Consequently DO : MI = DB ■ BO : MB ■ BI (PI. Ge. 

T. 24). 

Cob.— The rectangle under ai^ crard patslng throt^ &e 
focus and the parameter of the transverse, is ec[ual lo 
four times the rectangle under its swmenta. 

For, since EF : DO = EB ■ BF : DB- BO, if P be the 
parameter of the transTerse, EF ■ P : DO • P = 4EB • BF : 
4DB ■ BO. But EF ■ P = • GH» (H. Def. 8) = 4BB- 
BF (II. 1, Cor. 6) ; therefore DO ■ P s= 4DB • BO (PL Ge. 
V. 14). 

PHOPOSmON V. 

If a tangent to the ellipse meet either axis prodoced, ancl 
a perpendicular to the aiia be drawn, from the point of 
contact, then shall the semi-axis be a mean proporti<m^ 
between its segments intercepted &om the centre b; the 
tangent and perpendicular. 

CoiB 1. Let the tangent DT, and the penrendicuhir DK, 
meet the traofiTeise in T, K ; thai CT : CF =: CF : CK. 
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Fof^ smce IXT bisects the angle BDI, AT:TB=AD:DB 




(PL Ge. VI. a), and i (AT + TB) : ^ (AT — TB) = 

^ (AD + DB) : ^ (AD — DB) (PL Ge. V. 15, and g). 

That is CT : CB = CF : CL. 

But CB : CF = CL : CK (II. 3). 

Therefore CT : CF = CF : CK (PL Ge. V. 24). 

Case 2. Let the tangent DT, aad the perpendicular DN, 
meet the conjugate in M, N ; then MC : CG = CG : CN* 

For, let DO, perpendicular to DT, meet the transverse in 
O, then DO eyidently bisects the angle ADB; therefore 
AO : OB = AD : DB (PL Ge. VI. a), hence AT : TB = 
AO: OB, and CT:CB = CB:CO (PL Ge. V. 15, and g); 
therefore CT • CO = CB^, but CT • CK = CF, consequently 
CT- KO = CF2 — CB2 = CG^. 

Again, from the similar triangles CTM, KDO, CT - KO 
=r CM • DK (PL Ge. VI. 4 and 16) = CM • CN ; therefore 
CM • CN= CG^, and CM :CG = CG : CN. 

CoR. 1. — ^The rectangles under the segments of ihe axis, 
and the segments of the semi-axis produced to meet the 
tangent, both being divided by the perpendicular, are 
equal. 

For EK • KF = CP — CK« = TC • CK — CK^ = 
CK-KT. And similarly HN • NG = CN • NM. 

Cor. 2.<— The segments into which the axis is divided by 
the tangent, are directly proportional to the segments 
into vrmch it is divided by the perpendicular. 

For, since CT : CF = CF : CK, CT + CF : CT — CF = 
CF + CK : CF ~ CK, that is, ET ; T¥ rn^^ x^KS . 
Cor. S.'^Tbe segments CT, oi&, CO, «i:^ Y^or^'cyeGsssiss^ 
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(proved in case 2); and, in like manner, it maybe 
proved that CK, CL, CO, are proportional. 

PROPOSITION VL 

If from any point in an ellipse, a perpendicular fall upon 
either axis, as the square of that axis is to the square of the 
other, so is the rectangle under the segments of the former, 
to the square of the perpendicular. 

Let the perpendicular DK fall from any point in the curre 
upon EF, then EP : GH^ = EK • KF : DK«. 

For, since CT : CF 
r= CF : CK (II. 5), -^ 

CF2:CK2 = CT:CK 
(PL Ge. VI. 20, Cor. 
^ and 3), and, hy con- 
version, CF« : EK • KF e I 
= CT:TK. ButCT: 
TK = CM : DK or 
CN = CG' : CN2, or 
DK2 ; therefore CF^ : 
EK • KF = CG^ : DK^, and alternately CF : CG« = EK • 
KF : DK2. Consequently EP : QW = EK • KF : DK^. 
If the perpendicular DN fall upon GH, it may be proved 
in the same manner that QBP : EF^ = GN • NH : DN^ 

CoR. 1. — The squares of perpendiculars, falling from 
points in the curve, upon either axis, are to one an- 
other as the rectangles omder the segments into which 
they divide the axis. 
For the squares of the perpendiculars are to the rect- 
angles in the same ratio as the squares of the axes ; and 
therefore the squares of the perpendiculars are proportional 
to these rectangles. 

Cor. 2." — If a drcle be described upon the transverse, and 
another upon the conjugate axis, the former vrill con- 
tain, and the latter will be contained in, the ellipse, so 
that the curve lines shall touch one another only in 
the extremities of their common diameter. 
For DK^ : EK • KF = GH^ :EF2 . i,^^ qh ^ EF; 
therefore DK^^c^EK'Ke. "Novf, Vi^^>o^«c^«L<i^l\iA 
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circle described on EF, PK^ =EK • KF ; therefore DK ^ 
PK, and the point P is without the ellipse, and the circle 
meets the ellipse only at E and F. It may be similarly shown 
that the circle described on the conjugate diameter is within 
the ellipse. 

Cor. 3. — ^The two axes are the greatest and least diame- 
ters of the ellipse. 

For, any diameter of the ellipse, except EF, is less than 
the diameter of the circle described on EF, and hence EF is 
the greatest diameter. So any diameter of the ellipse except 
GH, is greater than the diameter of the circle described on 
GH ; hence GH is the least diameter of the ellipse. 

CoR. 4.-— If a circle be described upon either axis of an 
ellipse, perpendiculars to the common diameter are cut 
proportionally by the curves. 
For DK2:EK-KF=:GH2 : EF^ ; but PK* = EK • KF ; 
therefore DK* : PK* = GH* : EP, or DK:PK = GH: 
EF, or the perpendiculars in the ellipse are to the corre- 
sponding ones in the circle, in the ratio of the axes, that is^ 
in a constant ratio. 

• Cor. 5. — ^Erery straight line terminating in the curVe^ 
and parallel to one axis, is an ordinate to the other ; 
and conversely. 
For it was shown that EF : GH* = EK • KF:DK*; and 

it may similarly be proved that EF*:GH*=EK-KF:KI*; 

and therefore DK = KI, and DI is an ordinate to EF. It 

may be similarly shown that DO' is an ordinate to GH. 

Cor. 6. — ^The two axes are conjugate diameters. 
Cor. 7* — ^The ordinate through .the focus is the parame- 
ter of the transverse. 
For, if K be the focus, EK • KF = GO*, but EC* : GO» 
= EK • KF : DK* = GC* : DK* (II. Def. 8). 

Cor. 8. — ^Equal ordinates to either axis are equally dis- 
tant from the centre; the greater ordinate is nearer 
the centre ; and conversely. 

For EK • KF = CF — CK* ; and therefore the less CK 
is, the greater is EK • KF, and hence the greater is DK. 

Cor. 9. — If from any point in the curve, a straight line 
he drawn to the conjugate asaa, ^o^^ \r> ^^^ '^^ 
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tranfiyerse, its segment intercepted from the Sfone point 

by the transverse, will be equal to half the conjugate ; 

and conyersely. 

For RD = CP = CF,andRD : OD = CP:OD = PK: 

DK = CF:CG,or RD:OD = CF:CG, butBD=CF, 

therefore OD = CG. 

Schol, — On this principle, the elliptic compasses are con- 
structed. If EF and GH represent two bars of brass with 
grooves, and RD a third bar equal to OF, and the part of 
it OD equal to CG, then two projecting pins at R and 
rest in the grooTcs ; and if RD be mored, so that the pin at 
R will moTc in the groore of GH, and that at O in the 
grooye of EF, the extremity D will describe an ellipse. 

PROPOSITION VIL 

A straight line, not passing through the centre, but termi- 
nated by uie ellipse, and parallel to a tangent, is an ordi- 
Xiate to the diameter that passes through the point of contact 

The cord MN, parallel to the tangent at D, is an ordinate 
to the diameter CD. *^ 

For, let MN meet 
CT in L, and from the 
points M, N,' let MI, 
NO, be drawn perpen- e'^ThT 
dicular to EF and MR, NQ, parallel to DC. Then, by si- 
milar triangles, MI : DK = RI : CK. 
And MI : DK = IL : KT ; therefore (PL Ge. VI. 23, Cor.) 

MP : DK2 = RI • IL : CK • KT. 
Hence EIIF:EK-KF CII. 6, Cor. 1) = RI • IL : CK -KT. 
But EK • KF = CK • KT (IL 5, Cor. 1). 

Therefore EI • IF = RI • IL. 

And EI : IL = RI : IF. 

By composition EL : IL = RF : IF. 
By alternation and 

conyersion EL : ER -f FL = IL : FL. 

In Hke manner EL : EQ + FL = OL : FL. 
Hence by equality IL : OL = EQ + FL : ER + FL. 
And RL : QL =EQ + FL : ER + FL. 

Bjr dirision RQ : QL =llQ,:^B. -V^l^^ 
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Consequently QL = EB + FL, ER = PQ, CR = CQ, 
and MP = PN. 

Cor. 1. — Eyery ordinate to a diameter is parallel to thd 
tangent at its vertex. 

For, if not, let a tangent be drawn parallel to it, then the 
diameter througli the point of contact would bisect it ; and 
thus the same line would be bisected in two diiOferent pointy 
which is absurd. 

CoR. 2. — All the ordinates to the same diameter are 
parallel to one another* 

Cor. 3. — ^A straight line, drawn through the vertex of a 
diameter, paralld to its ordinate, is a tangent to the 
curve in that point. 

Cor. 4. — ^The diameter which bisects one of two parallel 
chords, will also bisect the other. 

Cor. 5.— 'The straight line which bisects two parallel 
chords, and terminates in the curve, is a diameter. 

CoR. 6. — ^If two tangents be at the vertices of the same 
diameter, they are parallel ; and conversely. 

CoR. 7- — Every diameter divides the ellipse into two 
equal parts. 

PROPOSITION vra. 

Two diameters, one of which is parallel to the tangent, 
at the vertex of the other, are conjugate to one another. 

Let the diameter PQ be parallel to the tangent DT, at 
the vertex of the diar 
meter DI; then shall 
PQ, DI, be conjugate 
diameters. 

For, let DK, QN, be -^ 
perpendicular to EF, 
and let the tangents at 
D, Q, meet EF in T, R. 

The triangles TDK, CQN, by reason of parallel lines, are 
equiangular, therefore TK : CN z= DK : QN ; hence TK^ : 
CN2 = DK2 : QN2 = EK • KF : EN • NF (IL 6, Goi:. I\ 
=:CK'KT:RN'NC (II. 5, Cox. \\ «sA'Y^%^^'=^ 
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CK : RN, or DK : QN = CK : RN, Consequently the 
triangles DKC, RNQ, are equiangular, and DC parallel to 
RQ. Whence PQ, DI, are each parallel to the ordinates of 
the other (II. 7? Cor. 1), that is, they are conjugate diame- 
ters. 

. Cor. 1.— Kfrom the extremities of two conjugate semi- 
diameters, perpendiculars he let fall upon either axis, 
the rectangle under the segments, into which the axis 
is divided hy one of the perpendiculars, is equal to flie 
square of the segment, wliich the other intercepts from 
the centre. 

For, since RQ is parallel to CD, CT.^ TK = CR : ON, 
andCTCK:CKKT = CRCN:CN2. ButCTCK=: 
CF2 = CR • CN, therefore CK • KT, or EK • KF = 
CN2. 

By letting fall perpendiculars upon the conjugate asis 
ftom the extremities of the same conjugate diameters, 
the same property may he similarly proved in reference 
to it. 

CoR. 2. — Also, the sum of the squares of the segments, 
intercepted from the centre, is equal to the square of 
half the axis upon which the perpendiculars fall ; and 
the sum of the squares of the perpendiculars is equal 
to the square of half the other axis. 

CN^ = EK • KF (Cor. 1) = CF^ — CK^ (PI. Ge. U. 5, 
Cor.) ; therefore CN^ + CK^ = CF. 

It may he similarly proved that QN^ + DK^ = CGP; 
for' QN, DK, are equal to the segments intercepted on CG 
from C hy perpendiculars on it from Q and D. 

Cor. 3.-— The sum of the squares of any two conjugate 
diameters is equal to the sum of the squares of the 
transverse and conjugate axis. 

For CD2 + CQ2 = CK2 + KD^ + CN^ + NQ^ = (CK« 
+ CN2) + (KD2 + NQ2) = CF2 + CG*. 
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PROPOSITION IX 

Any semi-diameter which meets aa ordinate and tangent 
drawn from the same point in the ellipse, is a mean propor- 
tional between the segments intercepted from the centre. 

Case 1. Let the semi-diameter CN meet a tangent and 
ordinate drawn from 
F, one extremity of 
either axis, in M, P. 
ThenCM:CN=:ON: 
CP. 

For, let the tangent 
and ordinate from N ^ c 

meet the axis £F in T, K. It has already been demon- 
strated, with respect to either axis, that CT : CF = CF : 
CK ; hence CM : CN = CF : CK = CT : CF = CN : CP. 

Case 2. Let the semi-diameter CN meet a tangent and 
ordinate from any other point D in M, P, CM : CN = 
CN : CP. 





For, let DP, the tangent at N, DM, and NR parallel to 
DM. meet the axis EF in L, Q, T, R. Also, let DK, NO, 
be the semi-ordinates to £F from D, N. The lines DK, 
DT, DL, are respectirely parallel to NO, NR, NQ. 
Hence CO • OQ : CK • KT = (IL 5, Cor. 1, and 6, Cor. 1) 
NO* : DK2 = 0Q« : KL2. 
By alternation CO : OQ = CK • KT : KL». 
But OQ : OR = KL : KT = KL* : KL • KT. 

Therefore CO : OR = CK : KL <by equality). 

By composition CO : CR = CK : CL. 
Again (II. 5) CT • CK = CF = CQ • CO. 
Therefore CT : CO = CQ : CK. 

Hence CT : CR = CQ : CL (by ec^ualit^V 

And therefore CM: CN = 01S ;C?. 
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Cor. l.^^-Tangents, at the extremities of an ordinate, 

meet its diameter produced in tlie same point. 
For if a tangent from F meet CN produced in a point 
M', it may simSarly be shown that CP : CN = CN : CM'; 
therefore CM' = CM, or the tangents from F and F' meet 
in the same point M. 

Cor. 2. — ^A straight line, drawn through the centre, from 
the point of intersection of two tangents, bisects the 
line that joins the points of contact. 
This is the conyerse of the last coroUaiy. 
CoR. 3. — ^If a circle be described upon any diameter of 
an ellipse, and through any point of it an ordinate 
of each curve be 
drawn, tangents, at 
their extremes, wiU 
meet one another 
in the common dia- 
meter produced. 
For in the ellipse CP : 
CN = CN:CM. And 
if the tangent to the 
circle at D meet CN produced in some point M', then, from 
similar triangles, CP : CD = CD : CM', or CP : CNz=CN: 
CM' ; therefore CM' = CM, or the tangents meet in the 
same point. 

CoR. 4.— The segments into which any diameter is di- 
Tided by a tangent, are directly proportional to the 
segments into which it is diyided by an ordinate from 
the point of contact. 
For CM:CN = CN:CP, and by mixing IM:MN=: 
IP : PN ; or the diameter is cut internally and externally 
in the same ratio ; or the diameter produced is cut harmo- 
nically. 

CoR. 5, — If a semi-diameter be produced to meet a tan- 
gent, the rectangle under the segments into which it is 
divided, by an ordinate from the point of contact, is 
equal to the rectangle under the segments, into which 
the whole diameter is divided by the same ordinate. 
For CN^ = CP • CM = CP^ + CP • PM ; therefore 
CP'FM= CN^— CP2 =IP -PIS- 
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PROPOSITION X. 
mi-ordinate be applied to any diameter of an ellipse^ 
re of that diameter is to the square of its conjugate, 
ctangle under its segments to the square of the 
inate. 

(J, DI, be two conjugate diameters, and MN any 
roate to DI ; DP : 0^ 
)N • NI : MN2. 

et the tangent at M ioc ^ X^v>Il 

, PQ in R, O, and let 
. semi-ordinate to PQ. 
Decause CR : CD = 

(II. 9), CD2 : CN2 = 
.andCD2:DN-NI=: 

(PL Ge. Y. D, and IL 

= OC : CL = CQ2 : CL^. Hence OEM* :CQ« = 

: MN2, and DP : PQ2 = DN-NI : MN*. 
[. — The squares of semi-ordinates are to one another 
he rectangles under the segments of the diameter. 
2. — Any diameter of an ellipse is to its parameter 
he rectangle under its segments to the square of 
semi-ordinate that divides them. 
st P be the parameter of the diameter DI, then 
, = PQ : P, and (PL Ge. VI. 20, Cor. 2 and 3) 
= DP : PQ2 = IN • ND : MN*. 

PROPOSITION XL 
)ugh any point in th6 ellipse, a parallel to the con- 
ds meet the transverse, and the focal tangent, its 
between these will be equal to the distance of that 
m the focus. 

5 focus B, let BD be a semi-ordinate to the trans- 
len DT, touch- 
ellipse in D, is 
le focal tangent, 
any point K in 
J, let RQ, paral- 
J, meetDT, EF, 
,; PQ is equal *^ 
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For, let FL = RB. 
Then, because CT : CF = CF : CB (II. 5) = CQ : CL (H. 3). 
Alternately CT : CQ = CF : CL. 
By conversion CT : TQ = CF : FL or RB. 
Hence MC : PQ = CF : RB. 

But MC = CF (II. 2, Cor. 5), consequently PQ = RB. 

Cob. 1. — A perpendicular to the transyerse, at either ex- 
tremity, limited by the focal tangent, is eq^ual to the 
distance of that extremity from the focus. 

For (11. 5) CT : CF = CF : CB ; and, by conversion, 
CT:TF=:CF:FB; but CT : TF = CM : FS, and CM =: 
CF (IL 2, Cor. 5), therefore FB = FS. 

Cor. 2. — ^The distanc'e of any point in the curve, from 
the perpendicular to the transverse, at the point Tdiere 
it intersects the focal tangent, is to its distance from 
the focus as half the transverse is to the eccentricity. 

For TQ : PQ = CT : CM = CT : CF = CF : CB (H. 5) 
orRX:RB = CF:CB. 

SchoL — The property of the ellipse stated in this corol- 
lary, is, in some treatises on the conic sections, assumed as 
the characteristic property of the curve, on which to found 
its definition. The perpendicular XT is then called the 
directrix^ and the ratio of CB to CF the determining ratio* 
The ellipse may then be defined to be a curve, such that the 
distance of any point in it from the focus, is to its distance 
from the directrix in a constant ratio, that is, in the deter- 
mining ratio, or the ratio of the eccentricity/ to the semi- 
transverse* 

PROPOSITION XIL 

If four straight fines touch an ellipse at ihe vertices of 
two conjugate diameters, the parallelogram which they con- 
tain will be equal to the rectangle under the transverse and 
conjugate axis. 

Let DI, PQy be two conjugate ffiam-^Uxa^ ^beA.'LS^^'^K^^ 
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NO, OL, tangents at their vertices. Then LMNO is a pa- 
rallelogram (II. 7, o 
Cor. 6), divided 
into four equal 
parallelogranis by 
PQ, DI ; and the 
whole MO is equal 
to the rectangle 
under EF and : 
GH, or the part 
CN = CF • CG. 

For, let DK, 
PR, be perpendi- 
cular to EF, and let EF meet the tangent DN in T, and TP 
be joined. 

Then, smce (II. 6) CP : CG^ = (ER • RF = ) CK^ : 
PR2(II.8,Cor.),henceCF: CG = CK : PR (11. 9, Cor. 5). 
But CT : CF = CF : CK (II. 5) 

Therefore CT : CG = CF : PR (PL Ge. V. 22). 

Hence CF • CG = CT • PR = double the triangle CTP 
= the parallelogram CN. 

Cob. 1. — If perpendiculars fall from the extremities of 
two conjugate semi-diameters upon either axis, the 
axis upon which they fall is to the other as the s^-» 
ment mtercepted by one of the perpendiculars from the 
centre is to the other perpendicular. 
For it was proved that CF : CG = CK : PR ; therefore, 
since PR = CV, and CK = IX, CG : CF = C V : IX. 
Cob. 2. — ^All parallelograms whose sides touch an ellipse 
in the vertices of two conjugate diameters, are of the 
same magnitude. 
Cob. 3. — Every parallelogram whose angular points are 
the vertices of two conjugate diameters, is equal to 
half the rectangle under the axes. 
For if D, P, I, and Q, were joined, the parallelogram so 
formed would be the half of CM. 

EXERCISES. 
1. The rectangle under perpendic\]laTa t^ a&l"^ Vx^Ba^^^csfc 
j^^tmsg through its extremities, the ied«a^<& xssA^t ^^x^^'ss^- 



138 CONIC SECTIONS. 

diculars from ihe foci to any tangent, the rectangle mtder 
perpendiculars to the transyerse, from the centre and the 
point of contact, and the rectangle under perpendiculan to 
the tangent, from the point of contact, and the centre (tfl 
the perpendiculars being limited by the transTerae and tav- 
gent), are each equal to the square of the senu-conjugsite 
axis. 

2. If from any point in an ellipse, two straighit lines b6 
drawn through the extremities df a diameter, any oilier 
straight line parallel to the tangent at that point, and ter- 
minating in these lines, will be bisected by an ordinate to 
that diameter, from the point of contact. 

3. If the diagonals of a quadrilateral figure, inscribed ia 
an ellipse, intersect one another in one of the foci, and two 
opposite sides be produced to meet, the straight line that 
joins the point of concourse and the foci will bisect the ai^le 
formed by these diagonals. 

4. If two tangents, at the yertices of a diameter, meet any 
third tangent, me rectangle under the two former, and the 
rectangle under the segments of the latter, from the pomt 
of contact, are respectively equal to the squares of the semi- 
diameters to whidi the tangents are par^eL 

5. If through the extremities of the transrerse axis, two 
tangents be drawn to meet a third, the circle described upon 
the intercepted tangent will pass through the focL 

6. If from the yertices of two conjugate semi-diameters, 
two semi-ordinates be applied to any diameter, the square 
of its segment, between the centre and either semi-ordmate, 
will be equal to the rectangle under the segments into which 
it is diyiaed by the other semi-ordinate. 

7. K from the vertex of any diameter, straight lines be 
drawn to the foci, their rectangle is equal to the square of 
its semi-conjugate. 

8. If a tangent meet two conjugate diameters, the rect- 
angle under its segments, from the point of contact, wiU be 
equal to the square of the semi-diameter to which it is pa- 
rallel. 

9. Every diameter is a mean proportional between the 
ordinate to its conjugate, 'wloicli "s^aia^^ thxou^ the focus 

and the tranayerse axis. 
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JIO. If £rom any point in one tangent, a straight Hne be 
drawn parallel to another, to meet the curre in two points, 
the rectangle imder its segments, between the tangent and 
the enrve, is equal to the square of its segment between the 
tangent and the Hne joining the points of contact. 

11. The rectangles under the segments of two cords 
which intersect, are to one another directly as the squares 
of the diameters to which they are parallel. 

12. If from any point in a giyen ellipse, straight lines, 
parallel to lines given in position, be drawn to meet the sideg 
of a giren quadrilateral inscribed in it, the rectangles under 
those drawn to opposite sides, will hare to eadi other a 
given ratio. 

13. The distance between the directrix (Schol. to Prop. 
11), and the focus next it, is divided by the curve intemaUjf 
and externally in the same ratio ; or the distance between 
the directrix, and the farther extremity of the transverse, is 
divided harmonically by the other extremity of this diameter 
and the focus next it, 

14. If from one focus as a centre with the transverse as 
a radius, a circle be described, every point in the ellipse wiS 
be equaJQy distant from this circle and the other focus. 



THIRD BOOK. 

HYPERBOLA. 

DEFINITIONS. 



1. 1£ two points be given in position, the locus of a pointy 
the difference of whose distances from them is ab<(9:^^^is& 
Bome, k a cuire called a hf/perhoUk. 
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Thus A and B being the 
giren points, the curve pass- 
ing through F is a hyperbola. 
J£ another similar curve 
pass through E, so that 
AE = BF, these two 
branches are called opposite 
hyperbolas. 

2. The given points are 
named the foci; that part 
of the line tnat joins them, 
intercepted by opposite hv- 
perbolas, the transverse axis ; 
and the middle of the same line, the centre* 

3. The conjti^ate axis is a straight line, passing through 
the centre, perpendicular to the transverse, and limited by 
a circle described from one extremity of the transverse witK 
the distance of either focus from the centre as a radius. 

4. If two other hyperbolas be described, having the con- 
jugate for their transverse axis, and their foci at the same 
distanee from the centre as the foci of the former, these are 
also called opposite hyperhol(is^ and have the transverse of 
the former for their conjugate axis. These are the brandies 
through G and H. 

5. A diameter is a straight line drawn through the centre, 
and terminated by opposite hyperbolas. 

6. An ordinate to a diameter is a straight line, terminated 
by the hyperbola, and bisected by that diameter produced. 

7* An external ordinate to a diameter is a straight line, 
terminated by opposite hyperbolas, and bisected by that 
diameter, or the same produced. 

8. Two diameters are said to be conjvgate to one another 
when they are mutually parallel to each other's ordinates. 

9. A third proportional, to any diameter, and its conju- 
gate, is called its parameter, 

10. The eccentricity is the distance between the centre 
and either focus. 

11. An asst/mptote of the \\y^efbolai is «k ^trai^ht line, 
which, being produced indefiiuiely^ ^oeaivsA. TSM&fcV^^Q^«sar 
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tinually approaches the curve, so as to come within less 
than any given distance from it. 

12. When the assymptotes are perpendicular, the hyper- 
bola is said to be rectangular. 

PROPOSITION I, 

If from a point in any hyperbola, straight lines be drawn 
to the foci, their difference is equal to the transverse axis. 

Let DF, ET, be opposite hyperbolas, of which A, B, are 
the foci, C the centre, EF the transverse axis, and D any 
point in one of 
the curves; then 
AD_DB=EF. 

For AD— DB 

=AF— FBrm. 

Def. 1) = AE -f 
EF— FB = EF. 

CoR. 1. — ^If two straight lines be drawn to the foci, from 
a point without the opposite hyperbolas, their differ- 
ence is less than the transverse axis, but, if from any 
point within either of them, it is greater. 
Let M be a point within the hyperbola DF, and N a 
point without, between the curve and its conjugate axis. 
The lines AM, NB, necessarily meet the curve ; let them 
meet it in the points D, D ; then, since MD + DB :p^ MB, 
AM — MB is greater than AM — (MD + DB), or EF, 
but since AD + DN :::^ AN, AN — NB is less than 
(AD + DN) ~ NB, or EF. 

Cor. 2. — ^A point is within, in, or without, the curve, ac- 
cording as the difference of its distances from the foci 
is greater, equal, or less, than the transverse axis. 

CoR. 3. — ^The conjugate axis is bisected in the centre. 

For (see figure to Def. 1) EG = AC = EH, and hence 
angle G = EL, and those at C are right angles (III. Def. 3) ; 
therefore (PL Ge. I. 26) GC = CH. 

Cor. 4. — The rectangle imder the segments, into which 
the transverse is divided in one of the foci, is equal to 
the square of the semi-conjugate «5CL"a. 
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Cob. 5.-^TIie square of the distance of the foci is equal 
to the sum of the squares of the transrerse and conju- 
gate axis. 
CoR. 6. — A perpendicular to the transranse, at its extre- 
mity, is a tangent to the hyperhola. 
For (PL Ge. 11. c. Cor. 1) (AQ + QB) (AQ— QB)= 
(AF + FB)(AF — FB)=ABEF. ButAQ + QB:?^ 
AB, therefore AQ— QB -^ EF, and the point Q is idth- 
out the curve (III, 1, Cor. 2). 

PROPOSITION n. 
The straight line which hisects the angle, contained by 
two straight lines, drawn from any point in the hyperbola 
to the foci, is a tangent to the curre in that point. 

Let D be any point in the hyperbola DFL, from which 
ADy DB, are drawn to the foci, and let the angle BDI be 
bisected by the line 
DT, then is DT a 
tangent to the curre 
in the point D. 

For, let any other 
point R be assumed 
in DT, and DI being 
made equal to DB, let 
BI,RB,RI, be drawn, 
and suppose A, R, 
joined. The line DNT, 
which bisects the ver- 
tical angle of the isosceles triangle BDI, also bisects tte base 
BI at right angles (PI. Ge. I. 4). Hence RB = RI, and 
AR — RB = AR — RI, and therefore less than AI or EF. 
Consequently, the point R is vnthout the hyperbola. 

CoR. 1. — ^The method of drawing a tangent from a given 

point in the curve, also of drawing a tangent parallel 

to a line given in position not parallel to the transverse, 

is evident. 

To draw a tangent parallel to a given line ; fi^m B diraw 

^I perpendicvlai to the given line, and make AI = EF, 

iben a line, as NR, bisecting Bl ^T^Ti^<t\iJBaVj^iaatan- 

ffent 
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Cor. 2. — ^There cannot be more than one tangent to the 
hyperbola at the same point. 

For the difference between the lines AD, DB, that make 
equal angles with DN, is less than that of any other two 
lines from A and B to a point in DN. The rest of the 
proof is similar to that of Cor. 3, Prop. 2, on the ellipse. 

Cor. 3. — ^Every tangent bisects the angle contained by 
straight lines drawn to the foci from the point of con- 
tact ; or, which is the same, these lines make equal 
angles with the tangent. 

CoR. 4. — ^Every tangent to the same hyperbola meets the 
transverse between its vertex and the centre. 

For (Pi. Ge. VI. 3) AD : DB = AT : TB ; but AD ig 
always greater than DB by EF, therefore AT is always 
greater man TB. 

Cor. 5.— a straight line drawn from the centre to meet 
a tangent, and parallel to the hne joining the point of 
contact, and one of the foci, is equal fo half the trans- 
verse axis. 

Since IN = NB, and AC = CB, CN is parallel to AI, 
and equal to the half of it, or of EF. 

CoR. 6.— A perpendicular to a tangent, from one of the 
foci, and a parallel to the line joining the other focus, 
and the point of contact from the centre, meet thQ 
tangent in the same point. 

CoR. 7' — ^If a chord pass through one of the foci, and the 
tangents at its extremities be produced to meet, the 
straight line that joins the point of concourse and the 
focus, will be perpendicular to the cord. 

From O draw a line perpendicular to AD, and if it does 
not meet it in I, let it meet it in a point I'. Then (PL Ge. 
VI. h) AL + DI' = semi-perimeter of the triangle ADL. 
But since AD — DB = EF = AL — LB, therefore AL+ 
DB = AD + LB ; and hence AL + DB = semi-perimeter, 
and therefore DI' = DB, and the point I' must therefore 
coincide with I. Therefore in the triangles ODI, ODB, 
the sides OD, DI, are equal to OD, DB, and the contained 
angles at D are equal; therefore an^ye O'Ki -^.^^^X^ •=:.'^ 
right angle; and 01^ is perpeudicui\ax t^ T^Ll^ 
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PROPOSITION ni. 
From any point in an hyperbola, a perpendicular being 
let fall upon the transverse, and straight lines drawn to the 
foci ; as half the transverse is to the distance of the centre 
from the focus, so is the distance of the centre from the 
perpendicular to half the sum of the straight lines dra^vn to 
the foci. 

Let D he the point in the curve, from which DA, DB, 
are drawn to the foci, and DK perpendicular to EF ; then 
CF : CB = CK : i (AD + DB) (figure Prop. 1). 

For, let EFL = AD, then LF = DB, and 2 CL = AD 
+ DB. But (AD + DB) • (AD — DB) = AB • 2CK 
PI. Ge. n. c. Cor. 1), or EF • 2CL = AB • 2CK ; there- 
ore EF : AB = 2CK : 2CL, and CF : CB = CK : CL. 



f, 



PROPOSITION IV. 
Any two chords which intersect each other in the focus of 
an hyperbola, are to one another directly as the rectangles 
under their segments. 

Let the chords DO, MI, intersect one another in the 
focus B of the hyperbola DFO, DO : MI = DB • BO : 
MB • BI. 

For, let the tangents at D, 0, meet each other in Ej 
through C let NQ be 
drawn parallel to DO, 
meeting the tangents in 
N, Q, and let BR meet 
NQ in P. It has been 
proved that CN or CQ 
= CF (III. 2, Cor. 5), 
therefore NQ=EF; that 
CF : CB = CK : CL 
(III. 3), therefore CF • CL 
= CB • CK, and that 
DBR is a right angle 
(III. 2, Cor. 7), there- 
fore the trianglea DBK, 
JBCP, are similar^ and 
I>B'CP=zBC' BK. Hence i£¥L=T>^,CS^ iti^^ • ^A. 
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— CF • FL = BCCK — DBCQ=BC • CK— BCBK 

— DB • PQ = BC2 — DB • PQ, and DB • PQ = BC^ _ 
CF2 = EBBF. But DO:NQ=:BO:PQ = DBBO: 
DB • PQ. 

Therefore DO : EF = DB • BO : EB • BF. 

In Hke manner, EF : MI = EB • BF : MB • BI. 

Consequently (PI. Ge. Y, 22) DO : MI = DB • BO : MB • BI. 

Cor. — The rectangle under any chord passing through the 
focus and the parameter of the transrerse, is equal to 
four times the rectangle under its segments. 

For it was proved that DO : EF = DB • BO : EB • BF == 
4DB • BO : 4EB • BF. Therefore, if P he the parameter of 
the transverse, P • DO : P • EF = 4DB • BO : 4EB • BF^ 
But P • EF = GH^ = 4EB • BF, therefore P • DO = 
4DB • BO. 

PROPOSITION V. 
If a tangent meet either axis of the hyperbola, and a per^ 
pendicular to that axis he drawn from the point of contact, 
then shall half the axis be a mean proportional between its 
segments intercepted from the centre by the tangent and 
perpendicular. 

Case 1. Let the 
tangent DT, and 
perpendicular DIC, 
meet the transverse 
inT;K,CT;CF = 
CF : CK. 

For, since DT 
bisects the angle 
ADB, AT : TB = 
AD : DB, and mix- 
ing and halving the 
terms. 
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i(AT+TB):i(AT, 
That is, 
But 

Therefore 
And 



TB) = ^ (AD+DB) :i (AD— DB). 
CB : CT = CL : CF. 
CF : CB = CK : CL (in, 3V 
CF:CT:=C«.^^^. 
CT;0¥=CE-.CS.. 
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Ca$e 2. Let tlie tangent DT, and the perpendicular DN, 
meet the conjugate in M, N ; MC : CG = OG : CN. 

For, let DO, perpendicular to DT, meet the transr^se 
in O, DO evidently bisects the exterior vertical angle of 
the triangle ADB, therefore AO : OB = AD : DB = AT: 
TB. Hence mixing, halving, and inverting CB : CO = 
CT : CB, and CT • CO = CB^. ButCT • CK = CF^, con- 
sequently CT • KO = CB2 — CF2 = CG^. 

Again, from the similar laiangles CTM, DKO, CT • KO 
= MC • DK = MC • CN ; therefore MC • CN = CG^, and 
MC:CG = CG:CN. 

Cob. 1. — The rectangle under the s^ments of thie trans- 
verse, into which it is divided by the perpendicular, is 
equal to the rectangle under the distances of the per- 
pendicular from the centre, and the point where the 
tangent meets the transverse. 
For EK • KF = CK^ ^ CF = CK^ — CK • CT = 
CK-KT. 

CoR. 2.' — ^The segments into which either axis is divided 
by the tangent, are directly proportional to the segments 
into which it is divided hj the perpendictdar. 
For CT : CF = CF : CK, and, by mixing, ET : TFs: 
EK:KF. 

PROPOSITION VL 

If from any point in an hyperbola, a perpendicolar M 
upon the transverse axis, as the square of diat axis is to the 
square of the other, so is the rectangle under the segments 
01 the former, to the square of the perpendicular. 

Let the perpendicular DK faU from any point D in the 
curve, upon EF, FP: GH^ = EK • KF:DK« (figure to 
proposition 5), . " 

For, since CT : CF = CF : CK (III. 5), CP : CK* = 
CT : CK, and, by conversion, CF : EK • KF = CT : TK 
But CT:TK = MT : TD = CM : CN = CG^ : CN^ (IH. 5), 
or DK2, therefore CF : EK • KF = CG« : DK«, and alter- 
nat^ly CF : CG^ = EK • KF : DK^. Consequently EF : 
6y3[«;EK -KFiDK^- 
Cor. 1, — The square of tlie coiiyi^!d.Vj& «ss& ^s to the 

square of the transverae) «& \\xe «v]ja q1 ^2&ft«n2(ua5;s^^ 
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the semi-conjugate, and the distance of the centre from 

a perpendicular falling upon the conjugate, from any 

point in the curre, to the square of that perpendicular* 

For it has been shown that DK^ : CG^ = EK • KF : CB% 

and, by addition, DK^ : OG^ + CN^ = EK-KF :EK-KF 

+ CF^, or CK2. By alternation, DK* : EK • KF = CG* + 

CN2 : CK2. But CK = DN, and DK^ : EK • KF =; (XF: 

CF2. Therefore CG^ : CF^ = CG« + CN^ : DN». 

SchoL — In the sixth proposition on the ellipse, it appeara 
in the case of a perpendicular on the conjugate axis, that 
the proportion is exactly similar to the above, with GN'NH 
or CN2 _ CG^, instead of CG^ + CN^. 

Cob. 2. — The squares of perpendiculars, falling from 
points in the cury« upon its transverse axis, are to one 
another as the rectangles under the segments of the 
axis ; and the squares of perpendiculars upon the con- 
jugate, are to one another as the sums of the squares 
of the semi'conjugate, and the distance of each from 
the centre. 

This is prored like the first corollaiy to the sixth propo* 
sition on the ellipse. 

CoR. 3. — Every straight line, terminating in the hyper- 
bola, or in opposite hyperbolas, and parallel to one axis, 
is an ordinate to the other ; and conyersely. 

For, produce DK to D', and it is similarly shown that 
CF2 : CG^ = EK • KF : D'K«. Therefore DlC = DK, and 
DD' is an ordinate to EF. By producing DN to cut the 
opposite hyperbola, it may be similarly shown that the 
whole Hne is an ordinate to GH. 

CoR. 4. — -The two axes are conjugate diameters. 

Cor. 5. — ^The ordinate through the focus is the parameter 
of the transverse. 

For CF2 : CG^ = EB • BF : BP2, or CF:CG^ = CG*: 
BP2, or CF : CG = CG : BP, 

Cor. 6. — Equal ordinates to either axis are equally dis- 
tant from the centre, the less ordinate is nearer t^ 
centre; and conyersely. 
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PROPOSITION VIL 

If tlnough any point in the hyperbola, a parallel to the 
conjugate axis meet the transverse and the focal tangent, 
its segment between these will be equal to the distance of 
that point from the focus. 

Through any point R 
m the curve, let KQ, pa- 
rallel to MC, meet the 
focal tangent DM, and 
transverse axis EF in P, 
Q ; then PQ = RB. 

For, let FL = RB. 
Then, because CT : CF 
= CF : CB (III. 5) = 
CQ : CL (III. 3). 

Alternately CT : CQ = CF : CL. 

By conversion CT : TQ = CF : FL. 

Efence MC : PQ = CF : RB. 

But (III. 2, Cor. 5) MC = CF, consequently PQ = RB. 

CoR. 1.— A perpendicular to the transverse, at one ex- 
tremity, limited by the focal tangent, is equal to the 
distance of that extremity from the focus. 

For CT : CF = CF : CB ; therefore, by conversion, CT: 
TF = CF : FB. But CT : TF = CM : FI, and CM =CF, 
therefore FI = FB. 

CoR. 2. — ^The distance of any point in the curve, from 
the perpendicular to the transverse, at the point where 
that axis meets the focal tangent, is to its distance 
from the focus, as half the transverse is to the distance 
of the centre from the focus. 
For CF : CB = CT : CF (III. 5) = CT : CM = TQ: 
PQ or RB, or TQ : RB = CF : CB. 

SckoL-^The observations made in reference to the ellipse, 

in the schoHum to the eleventh proposition on that curve, 

m>ply to the hyperbola, in regard to the property stated in 

the above corollary. Wheii t\i.e dfe^jerowBrn^ ratio of CB 

toCFia on^ of minority, ihe cor^^ "^ ^ ^\^W6\ ^\tfsa.ift. 
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is one of majority, it is a hyperbola ; and wlien of equality, 
it is a parabola. 

Cor. 3. — ^Every perpendicular to the transrerse beyond 
its vertices, meets the curre on each side of the axis. 

For it must meet the focal tangent, as it is inclined to it, 
and hence it must meet the curve. 



PROPOSITION VIII. 

Straight lines drawn through the centre, parallel to the 
lines which join the extremities of the axes, are assymp- 
totes to the hyperbolas. 

The lines PQ, RS, drawn through C, parallel to FII, 
HE, do not meet, but 
continually approach the 
curve, so as to come 
within less than any 
given distance from it. 

For, let FQ be per- 
pendicular to £F, and 
through the points K, g, 
assumed in the trans- 
verse produced, let IS, 
mo, be drawn parallel to 
GH, meeting JPQ in I, 
m, the curve in D, n, 
and RS, in S, 0. Then, since CF : CG^ = EK • KF : DK« 
(III. 6), and FQ = CH, or CG ; CF^ : FQ» = EK • KF : 
DK2. Hence CK^ : KP = EK • KF : DK^ ; but CK» is 
always greater than EK • KIF, therefore KI is greater than 
DK. Thus, every point of PQ is without the curve. 

Again, by alternation and conversion, 

CK2 : CF2 = KP : ID • DS. 
But CK« : CF2 = KI2 : FQ*. 
Therefore ID • DS=:FQ2. In like manner, mn-no = FQ«. 
Hence ID : mn = no : DS, and, since no is greater than 
DS, ID is greater than mn, whence the point n is nearer 
to PQ than the point D. 

Lastly, to show that the distance of the curve teKs."e<^ 
when both are produced, becomes \eai^^«a.«3K^ ^'Bsv?^sasi^ 
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JbLOwever small, let D Y be drawn parallel to PQ, at the dis- 
tance of the given line from it, on the same side with the 
hyperbola, and meeting FQ in Y; then, to QY and FQ, let 
DS, parallel to FQ, and terminating in DY, CS, be a third 
proportional, and let it be produced to meet PQ in I ; ID 
£s equal to QY, therefore ID : FQ = FQ : DS, and ID • DS 
= FQ^. Whence, it is plain, from what has been demon- 
strated, that D is a point in the curve. Now, D is at the 
distance of the given line from PQ ; consequently the curve, 
at any point beyond it, is at a less distance from PQ. 

Cob. 1. — ^There cannot be more than two assymptotes to 
the hyperbola ; and the same lines are also assymptotes 
to the other three hyperbolas. 

It may be similarly proved that PQ, ES, are assymptotes 
to the other three hyperbolas. 

CoR. 2. — ^The four hyperbolas approach indefinitelj near, 
but do not meet one another. 

Cob. 3. — Every straight line, passing through the centre, 
except the assymptotes, meets two opposite hyperbobl) 
each in one point only. 

For if a strai^t line pass through two points in the 
curve, as n and D, it will evidently pass below YD, and 
cannot pass through C. 

Cob. 4. — If a straight line be drawn tlu'ough any point 
in the hyperbola, parallel to either axis, and meeting 
the assymptotes, the rectangle under its segments from 
that point is equal to the square of half that axis. 

For (III. 6, Cor. 1) CGP : CF^ = €GP -j- CL« : LD«, and 
<j^Q = CF, for FQ = OG; and, as it was proved in the 
demonstration of the proposition that ID • DS = FQ^, it 
may be shown that RD • DO = GQ^. 

Cob. 5. — According as the conjugate axis is greater, 
equal, or less, than the transverse, the angle of the 
assymptotes is greater, equal, or less, than a right angle. 

PROPOSITION IX. 

If, &am any point in an \iy^€£\>olas «. straight Hue be 
dcarm parallel to any diaxaetei) to m£Ql\!iEiJb«B»yas^RMsk^^% 
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rectangle under its segments, from that point, is e^ual to the 
square of half the diameter. 

Let D be any point 
in the hjrperbola, and 
DO drawn parallel to the 
diameter LGM, meet the 
assymptotes in Q, V. 
ThenVD-DQ=iLM2, 
For, through D, and 
either extremity of LM, 
let IDS, PLR, be drawn 
parallel to GH, to meet 
the assymptotes. Then, 
because of similar tii- 
angles, 

ID:DQ = PL:LO. 
And DS:DV = LR:LO. 

Therefore ID DS.DQDV = PL • LR : LO^. ButlD-DS 
= PL • LR (m. 8, Cor. 4) ; therefore DQ • DV = LO^. In 
the same manner, DV • DQ = CM*. Hence LC = CM, 
and DQ * D Y = the square of half the diameter LM. 
CoR. 1. — ^Every diameter is bisected in the centre. 
Cob. 2. — If a straight line be drawn through two points, 
in the same, or in opposite hyperbolas, its segments 
from these points, interested by the assymptotes, will 
be equal. 
For, if D V meet the curve in O, OQ • OV = LC* = 
D V • DQ, therefore OQ : DQ = D V : VO, and, OD : DQ = 
OD : VO. Whence DQ = VO, and D V = QO. 

CoR. 3.— Every tangent limited by the assymptotes is 
bisected in the point of contact, and is equal to that 
diameter to which it is parallel. Also, conversely, a 
straight line, terminated by the assymptotes, and hav- 
ing its middle point in the curve, is a tangent to the 
hyperbola. 
For (figure to proposition II) LX = LY when D and 
O coincide (Cor. 2) ; and since XY is parallel to IN", 
therefore CP = LX • LY = LX^, and hence CI = LX 
or EST = XY. 
ChB. 4.— If, from two points miSbj^ ^^afij^^ ^xHssk ^-^^^2^^ 
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hyperbolas, parallel straight lines be drawn, to meet the 
assjmptotes, the rectangles under their segments wiH 
be equal. 
For each of these rectangles is equal to the square of the 
semi- diameter parallel to it. 

PROPOSITION X. 
A straight line, terminated by the hyperbola, and parallel 
to a tangent, is an ordinate to the diameter that passes 
through the point of contact'. 

The chord DO, parallel to the tangent XLY, is an ordi- 
nate to the diameter LM (figure to proposition 11). 

For, let the assymptotes meet the tangent in X, Y, and 
the chord in Q, V ; also, let LM meet DO in R. Then, 
because XL = LY (III. 9, Cor. 3), RQ = RV. But 
DQ = OV (III. 9, Cor. 2). Consequently RD = RO. 
Cob. 1. — A straight line, terminated by opposite hyper- 
bolas, and parallel to a tangent, is an external ordinate 
to the diameter that passes through the point of contact. 
For FT = SW (III. 9, Cor. 2) ; and PU = US, for LX 
= LY; therefore UT = UW. 

CoR. 2. — Every ordinate, and every external ordinate, to 

a diameter, is parallel to the tangent at its vertex. 
CoR. 3. — ^All ordinates to the same diameters are parallel 

to one another. 
CoR. 4.— A straight line, drawn through the vertex of a 
diameter, parallel to its ordinates, is a tangent to the 
hyperbola. 
CoR. 5. — ^The diameter which bisects one of two parallel 

chords, will also bisect the other. 
CoR. 6. — ^The straight line, which bisects two parallel 

chords, passes through the centre of the hyperbola. 
CoR. 7»*— If two tangents be at the vertices of the same 
diameters, they are parallel ; and conversely. 

PROPOSITION XI. 
Two diameters, one of which is parallel to the tangent at 
the vertex of the other, are conjugate to one another. 

Let LCM and ICN be two diameters, of which IN ifl 
parallel to the tangent XY, at the vertex of LM ; IN, LM» 
are eonjugate diameters. 
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For, let XI be drawn and produced to meet the other 
assymptote iu Z. Then, because XL is equal and parallel 
to IC, XZ is parallel to 
XM. Now, the triangles 
ICZ, LCY, by reason of 
parallel lines, are equi- 
angular, and thev have 
the side IC = LYj 
therefore IZ = LC = 
IX. Whence XZ is a 
tangent at I; and LM 
Lasheeen proved parallel 
to it. Cousequen^y, IN, 
LM, are mutually paral- 
lel to each other's or- 
dinates. 

CoJt> I. — ^Tangents to 

the four hyperbolas, at the Tertices of two conjugate 
diameters, form a parallelognun, whose di^onals are 
coincident with the aasymptotes. 

Cor. 2. — Any two conjugate diameters of an equilateral 
hyperbola are equal to one another. 

For XCY is in this case a right-angled triangle, and 
therefore L is the centre of its circumscribing circle, and 
CL = LX = CI, or ML = IN. 

PEOPOSITION xn. 

If an ordinate be applied to any diameter, the square of 
tiiat diameter is to the square of its conjugate as the rect- 
angle under its segments to the square of the semi-ordinate> 

Let LCM he any diameter, IN its conjugate, and DRO 
an ordinate to LM, in the hyperbola DLO ; LM" : IN' =: 
MK ■ RL : DRs (figure to proposition 11). 

For, let DO meet the assymptotes in Q, V, and the tan- 
gent at L meet them in X, Y. Then, from siniilar triangles, 
CL* : CR* = LX* ; EQ», by conversion and alternation, 
CL*;LX' = MRRL:RQ' — LX2. But LX» = CP 
(III. 9, Cor. 3) =QD ■ DV (III. 9), = RQ' — DR', hence 
RQ*— LX* = DRs ; therefore CV ; 01* — MR.- BL.-.^B! ^ 
andUtf':IW*=itR-EL;Da». 
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Cor. 1. — ^If an external ordinate be appGed to any &- 

meter, the square of that diameter is to the square of 

its conjugate, as the sum of the squares of the semi* 

diameter and segment intercepted bj the external (sr- 

dinate, from the centre, to the square of the external 

semi-ordinate. 

For, let T W be an external ordinate ; then CL* : CU^ = 

LX2:UP2; by addition CL^ : CL? + CU^ = LX^ : LXH 

UP2 ; by alternation CU : LX^ = CL» + CU« : LX« + 

UP. Now LX? = CP = PT • TS = UT2_UP2; th^e- 

fore ITT2 znUL^ + UP®, and hence CU : CP = CL» + 

CU2:UT2. 

JSchoL — ^The proof in this corollaiy is the same as that of 
the proposition, with the exception that addition is taken 
instead of conyersion. 

CoR. 2. — The squares of semi-ordinates are to one an- 
other as the rectangles under the segments of Ihe 
diameter. 
CoR. 3. — ^Any diameter of an hyperbola is to its para- 
meter, as the rectangle under its segments to the square 
of the semi-ordinate that divides them. 
For, LM : IN = IN : P, the parameter; then LM : P =: 
LM2 : IN2 = CLa: CP = MR- RL : DR«. 

CoR. 4. — ^In an equilateral hyperbola, the rectangle imder 
the segments of any diameter is equal to the square of 
the semi-ordinate that divides them ; and the square 
of an external semi-ordinate is equal to the sum of the 
squares of the siemi-diameter and segment intercepted 
from the centre. 
For then CL = CI, and therefore MR • RL = DR*, and 
CJJ + CU2 = VTK 

PROPOSITION XIII. 
K from any point in an hyperbola, two straight lines be 
drawn, to meet the assymptotes, and from any other point 
in the same, or in the opposite hyperbola, straight lines, 
parallel to these, be also drawn to the assymptotes; the 
rectangle imder the former shall be equal to the rectangle 
under the latter. 

JFrom the point D, in the )iy]^«\)oX^fc^^^JiwBafc\feteB«ft. 
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ij two straiglit lines DQ, DR, to tenniiiate in tHe assjmp- 

tes CQ, CS, and j&om any oth^ 

>int N let NP be drawn parallel 

DQ, and NS parallel to DR, to 

rminate in the same Knes. Then 

DDQ = PNNS. 

For, let LDK and MNO he 

awn parallel to the conjugate axis, q< 
meet the assymptotes. Then, 

tun the similar tnangles RDK, 

NfO, RD : DK = NS : NO, and 

om the similar triangles, LDQ, 

J^, DQ : LD =z PN : MN. 

berefore RD • DQ : LD • DK = 

N-NS:MNNO. But LD-DK = MN-N0(nL9, 

or. 4). Consequently RD • DQ = PN . NS. 

Cor. 1. — If from two points in the same or in opposite 
hjrperbolas, straight lines be 
drawn, each parallel to one 
assymptote, and meeting the 
other, they are to one another 
inyersely as the parts they in- 
tercept from the centre. 

For QD, DR, being parallel re- 

^ecdyely to PN and NS, therefore 

pD • DR = NS • NP, and conse- 

umOj QD : NS = NP : DR^ or 

>D:NS=:CS:CQ. 

Cob. 2. — K from any point in a given hyperbola, two 
straight lines be drawn parallel to the assymptotes, the 
paraBelogram formed thereby is of a given magnitude. 

For (PL Ge. VI. 23, Cor. 1) QR : PS = (DQ : NS, 

)R:NP) = DQDR:NSNP;butDQ-DR = NS-NP, 

berefore QR = PS, and any other rectangle similarly formed 

5 shown in the same manner to be equal to PS. 
CoR. 3. — Every sector of an hyperbola is equal to the 
quadrilateral figure contained by the curve, by one 
assymptote, and by parallels to the other, through, tke 
extremities of the base of the sector. 
F(a> mce the parallelograms RQ;, P8s ^^ eo^^^ ^^ '^'^^ 
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triangles CQD, CSN, are together equal to PS, and these 
equals being taken from the figure CQDNS, there remains 
the sector CDN equal to the quadrilateral figure PQDN. 

PROPOSITION XIV. 

If in one of the assymptotes of an hyperbola, any number 
of points be assumed, such, that their distances from the 
centre be in continued proportion, and straight lines be 
drawn from these points to the curre, parallel to the other 
assjmptote, the mixtilineal quadrilateral figures formed 
thereby will be equal. 

Let the points A, B, D, E, be assumed in the assymp- 
tote CS, so that CA : C^ = CB : CD = CD : CE, and let 
AF, BG, DH, EK, be 
drawn to meet the curre 
parallel to the other as- Q- 
symptote CQ ; the qua- 
^lateral figures AFGB, 
BGHD, DHKE, shaU 
be equal. 

For, let the tangent at 
G, and the line that joins 

H, F, meet CQ inN, L,^ abdo lo: s s 
and CS in O, M. Then, because OG = GN (III. 9, Cor. 3), 
OB = BC, and because MH = FL (III. 9, Cor. 2), MD = 
AC ; therefore MD : OB = CB : CD = DH : BG (III. 13, 
Cor. 1). Hence, the triangles MDH, OBG, whidii haye the 
angles at D and B equal, are equiangular, and LM is parallel 
to NO. The diameter CG, therefore, bisects the chord HF, 
and every chord parallel to HF (III. 10). Consequently 
CG bisects the segment FGH of the hyperbola. But it also 
bisects the triangle FCH; therefore the'sector CFG =CGH, 
and the quadrilateral AFGB = BGHD (HI. 13, Cor. 3). 

SchoL — ^The ninth and twelfth propositions of the ellipse 
may be apphed to the hyperbola, and demonstrated in the 
same manner. 

EXERCISES. 

i. The square of any semi-diame^et ^^ ^aa. hyperbola is 
equal to the rectangle undex tke iislaac^i^ QiSXa^^Xfc-x.tea. 
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the foci, added to the difference of the squares of the semi- 
transverse and semi-conjugate axis. 

2. Every tangent of an hyperbola is harmonically di- 
vided by the transverse axis and perpendiculars falling upon 
it from the foci. 

3. The difference of the squares of any two conjugate 
diameters of an hyperbola, is equal to the difference of the 
squares of the two axes. 

4. If from any point in an hyperbola, straight lines be 
drawn through the vertices of a diameter, to limit the tan- 
gents at these points, the rectangle under the tangents will 
be equal to the square of the semi-conjugate diameter. 

5. A semi-ordmate to any diameter is a mean propor- 
tional between its segments, intercepted from the dmmeter 
by two straight lines intersecting each other in any point of 
the curve, and passing through the vertices of the diameter. 

6. If a quadrilateral figure be formed by tangents to the 
four hyperbolas, a straight line through the centre, parallel 
to that which joins two opposite points of contact, will di- 
vide the two opposite sides of the figure, so that the seg- 
ments of the one shall be inversely proportional to the 
segments of the other. 

7* Also, the straight line which joins the middle points of 
its diagonals will pass through the centre of the hyperbolas. 

8. If through a fixed pomt, any straight line be drawn, 
to meet the hyperbola, or opposite hyperbolas, in two points, 
the rectangle under its segments, from the fixed point, will 
be to the rectangle under its segments, intercepted by the as- 
symptotes, from either point in the curve, in a constant ratio. 

9. If from a point in one of the assymptotes of an hyper- 
bola, any straight line be drawn to intersect the curve (or 
opposite curves), in two points, and from the points of sec- 
tion, lines paraUel to the same assymptote be drawn to meet 
the other, the sum (or difference) of me parallels will always 
be of the same magnitude. 

The propositions in the exercises to the preceding book 
may be applied to the hyperbola. 
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1 . Let there be a circle, and a fixed point, without its 
plane, and let a straight line, always passing through that 
point, and indefinitely extended both ways, reyolye about 
the circle in its circumference ; the two surfaces thus de- 
scribed are each of them named a conic suffacsy the fixed 
point its vertex, the circle its hose, and the straight line pass- 
ing through the vertex and the centre its <jum (first figure 
to proposition 1). 

2. A cone is a solid bounded by a circle and a conic sur- 
face. The fixed point is called the vertex, and the circle the 
base of the cone. Also, the straight line passing through 
the fixed point, and the centre of the circle, is named the 
axis of the cone. 

3. Let there be a circle, and any straight line intersect- 
ing its plane at the centre, and let another straight line, al- 
ways parallel to the former, rcTolve about the circle in its 
circuinference ; the surface thus described is named a cylin- 
dric surface, of which the circle is the hose, and the 
straight line through its centre the aais (sfecond figure to 
proposition 1). 

4. A cylinder is a soHd bounded by two equal and paral- 
lel circles, and a cylindric surface. Either of the circles is 
named the base, and the straight line joining their centres 
the a^is of the cylinder. 

5. A cone or cylinder is termed right or oblique, accord- 
ing as the axis is perpendicular or obhque to the base. 

6. The section of a cone or cylinder is termed parallel or 
oblique, according as its plane is parallel or inclmed to the 
base. 

7. When a cone or cylinder is cut by a plane touching 

the axis, and perpendicular to the base, and by another 

plane perpendicular to the former, in such a manner, that 

the common section of the two "]^Wes make angles with the 

common sectionB of the first ]^\saie ooi^ ^k^ ^-vxd^oj^ ^i^d^- 
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nately equal to those which the common section of the first 
plane and the base makes with the same lines on the same 
side, the section of the second plane is called a subcontrary 
section (figures to Prop. 2). 

COROLLARIES FROM THE DEFINITIONa 

CoR. ] . — A straight line joining the yertex, and any point 
in a conic surface, lies wholly in that surface ; its con- 
tinuation one way is in the same, and its continuation 
the other way in the opposite surface ; also, eyery such 
line meets the circumference of the base. 

CoR. 2. — Any plane touching the axis of a conic surfece, 
cuts that surface in two straight lines, as AD, AF (fig. 
to Prop. 1). 

Cor. 3. — ^If a cone be cut by a plane touching the axis, 
or by a plane through the yertex, and any two points 
in the circumference of the base, the section is a tri- 
angle, as AFD (first figure to Prop. 1 ). 

OoR. 4. — If a plane, touching a tangent to the base, pass 
through the yertex, it touches the conic surface in the 
straight line joining the yertex and the point of con- 
tact, eyery point in the plane, except in that straight 
line, being without the surface. 

Cor. 5. — A straight line, drawn from any point in a cy- 
lindric surface, parallel to the axis, lies wholly in that 
surface. 

CoR. 6. — ^Any plane touching the axis of a cylindric sur- 
face, cuts that surface in two parallel straight lines. 

PROPOSITION I. 

If a conic or cylindric surface be cut by a plane parallel to 
the base, their line of common section is the circumference 
of a circle, haying its centre in the axis. 

1. Let ABDCA be a conic surfece, of which BCD is the 
base, and AE the axis, and let it be cut by the plane GOL, 
parallel to BCD, the Hne of common section GKHL is the 
circumference of a circle haying its centre in AE. 

For, let any two planes, ABC, AFD, touchiiL^lW^ssS>s» 
AE, cut the surfaces in the stiaigjat W'ea ^^^^ ^^^ ^^ •» 




AD (Cor. 2 to Def.) ; the base BCD, in, a>e diameters BEC, 
DEF ; and the parallel section OOL, in the straight lines 
GOH, KOL. Then BC is paiaUel t» GH, and FD to KL 
Hence, by similar triangles, ED : OK 
(= AE : AO) = EC : OH. But ED 
= EC, therefore OK =: OH. Conse- 
quently all straight lines drawn &om 
the point O, where the axis meets the 
parallel plane GOL, to terminate in the 
line of common section GKHL, are 
equal to one another, and GKHL is the 
circumfeience of a circle, of which is 
the centre. 

2. Let MBDCN bea<rrlindric surface, of which BCD is 
the base, and AE the axis, and let it be cnt by the plant 
GOL, parallel to BCD, the line of common 
section GKHL is the circnmference of a 
circle, haTing its centre in AE. 

For, let any two phmes, ABC, AFD, 
touching the axis AE, cut the surface in 
the straight lines MB, NC ; LF, KD 
(Cor. 6 to Def.), the base BCD, in the 
diametera BEC, DEF, and the parallel 
section GOL, in the stra^ht lines GOH, 
KOL. Then BC is parafiel to GH, and 
FD to KL. But NC, KD, are each pa- n 

rallel to AE. Therefore OD, OC, are parallelograms, and 
OK — ED — EC = OH. Whence GKHL is Sie circum- 
ference of a circle, of which O is the centre. 

Cor. I. — If a conic surface be cut by a plane, parallel to 
the base, the solid betwixt that plane and the vertex ia 

Cob. 2. — If a cylindric surface be cut by two planes pa- 
rallel to the I^e, the solid betwixt them, and the sohds 
between each of them and the base, are cylinders. ' 
Cor. 3. — If a cone or cylinder be cut by a plane parallel 
to the base, the section is a circle. 
Cob. 4. — ^Any plane touching &e a»a ^ a. «sne or cy- 
linder, cuts every paiaUd aecAMm ia i*» toasasiwa. 
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PROPOSITION n. 

Every subcontraiy section of an oblique cone or cylinder 
is a circle. 

Let the cone or cylinder MBCN be cut by the plane MC, 
perpendicular to the base, touching the axis, and meeting 
the surface in the 
straight lines MB, 
NC, and the base in 
the diameter BC. 
Let it be cut by an- 
other plane DFG, 
perpendicular to the 
foriner, so that their 
line of common sec- 
tion DF may form, with one of the lines MB, NC, the angle 
NFD, equal to the angle MBC, which BC forms with the 
other on the same side. The latter section DGF, which is 
called a subcontrary section, is a circle, and DF its diameter. 

For, let the parallel section HGI pass through any point 
K in DF. Because HGI is parallel to the base, it is per- 
pendicular to MC, and therefore GK (So. Ge. I. 18) its 
line of common section, with DGF, is perpendicular to the 
same. Thus, GK is at right angles to DF and Hi, and 
since HI is a diameter of the para&el section (IV. 1, Cor. 4:\ 
the rectMigle HK • KI = GK2. But the tnangles HDK, 
IKF, being similar (for the angles at K are equal, and the 
angle NFD = MBC = DHK), DK : HK = KI : KF, and 
the rectangle DK • KF = HK • KI. Consequently the rect- 
angle DK • KF = GK2, and the section DGF a circle, 
haying DF for a diameter. 

CoR. — Every subcontrary section of an oblique cylinder 

is equal to its base. 
For the triangles HDK, IKF, are isosceles. 

PROPOSITION IIL 

Every section of a cone or cylinder, by a plane isaftfe^xsv^ 
the conic or cjlindric surface on everj sA'^^ ^^\.\skT^<®Ss^2^ 
a parallel nor a subcontrary section^ Ha axv ^^^'^^* 
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Let EHFG be a section of a cone or cylinder MNP, by 
a plane meeting the surfiEice on every side, but neither a 
parallel nor a ixA^ 

subcontrary sec- 
tion, EHFG is 
an ellipse. 

For, let C be 
the middle of 
EF, and K any 
other point in it ; ^* 
through C and K let planes pass parallel to the base 
cutting MNP m AB, OR, and EHFG in HG and LD. 
Also, let the plane MNP cut the base in a diameter NP 
perpendicular to the line of common section of the plane of 
the base and of the section EHG. Then HG is psuralle] to 
that line of common section (So. Ge. I. 14), and AB to 
NP ; therefore AB is also perpendicular to HG (So. Ge. 
I. 9). For a similar reason, OR is perpendicular to LD. 
Now (IV. 1), the sections AHBG, OLRD, are circles, of 
which AB, OR, are diameters, and therefore AC • CB = 
CG2, and OK • KR = DK^. 

By similar triangles EC : EK = AC : OK. 
And CF:KF = CB:KR. 

Therefore EC^ : EK • KF z= CG« : DK^. 

Consequently EHFG is an eUipse, of which EF and GH 
are two conjugate diameters. 

PROPOSITION IV. 

If a cone be cut by a plane parallel to another, touching 
the conic surface, the section is a parabola. 

Through any point B, in the circumference of the base 
BGC, let the tangent DE be drawn, the plane ADE, touch- 
ing that line, and the vertex A, touches the conic sur&ce 
in the straight line AB (Cor. 4 to Def.). Let the cone 
be cut by the plane VGN, parallel to ADE, and meeting 
the base in GN ; the section GYN is a parabola. 
For, let ABC, the plane oi AB ^el^l tlxa axis, intersect 
GVN, in the line YK, and l\ie ^i1a»fc m VJs^'^i-^^sajEc.^V^. 
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BKC. Also, let MHL l>e a paraUel 
section, through any point I in VK, 
intersecting ABC, in the diameter 
ML, and VKG in the straight line 
HI. Then, b^ reason of parallel 
planes, the straight line AB is paral- 
lel to VK, BD to GK, GK to HI, 
and BC to ML (So. Ge. I. 14). e 
Hence MK is a parallelogram; and 
since DEC is a right ande, GK is 
perpendicular to BC, and HI to ML 
(So. Ge. I. 9). Now, by similar triangles, VK : VI = 
KC : IL J but BK = MI, therefore VK : VI = 
BK ■ KG : MI • IL = GK'' : B.V>. Whence GVN is a 
parabola, of which VK is a diameter, and GK its semi' 
ordinate. 

PROPOSITION V. 

Every other section of a cone is a hyperbola. 

Let DFO be a section of the cone ABDC, different from 
any that has been mentioned, meeting the base in the line 
DO. Let DO be cut at right angles by the diameter BC, 
and let ABC, the plane of the asis, 
and BC, intersect the surface, and 
the plane FDO, in the straight lines 
AB, AFC, and PK, and let AHG 
be a tangent plane through AB. 
Then FK is not parallel to AB ; 
otherwise, as DK is parallel to the 
tangent BG, the plane FDO would 
be parallel to the tangent plane 
AGB (So. Ge. I. 13), contrary to ^ 
the hypothesis ; let them meet, 
therefore, in the point E, which 
vdU be in the ojntosite sur&ce, be- 
cause, by hypothesis, the plane FDO does not meet the 
other on every side. Also, let LMI be a parallel section, 
through any point N in FK, intersecting ABC in the dia- 
meter (IV. 1, Cor. 4) LI, and I>K¥, \d. ftife ^■ci«!^N.'vio». 
MN. ilea JU is parallel to BC,mMKS\a"0^^^-'^- 
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1. 14), and therefore MN perpendicular to LI (So. Ge. 1. 9). 
Now, by similar triangles, 

EK : EN = BK : LN. 
And KF : NF = KC : NI. 

Therefore EK • KF : EN • NF = BK • KC : LN • NI = 
DK> : MN2. Whence DFO is a hyperbola, of which EF 
is a diameter, and DK, MN, semi-oi^ates 



TUE END. 
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